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COMPLETE BLOCK DESIGN

If each of the blocks of a design contains

each of the v treatments then such design

Is called complete block design .

1

2

EX :-
2

herev=3,b=2,k=3

Here v = k where v = number of treatments



INCOMPLETE BLOCK DESIGN

If any one block of a design does not contain

all the treatments then design becomes incomplete
block design .That is k <.
Example:- () v=3, b =2, k=2 and

(i) v=3,b=3, k=2

/o 1 |2
—— 2 |3
2 |3

3 I3



Binary design and non Binary design
A connected design Is said to be binary If the

Incidence matrix N Is defined as

0 -if i treat ment

doesnot occur in j"block.
N:(nij)b:4 P
v 1 ;if i" treat ment

occur in j"block.

otherwise non binary design



Randomized Block Design

A block design Is said to be randomized block
design If v treatments are arranged in b

block such that each block contains

each treatments once and each treatment

IS replicated In r (=b) blocks

Example :- Randomized block design
withv=4and b =3



12 3 4
241 3 ;v=4Db=3,r=3, k=4
341 2
1 2 3
11 1 1
N= 21 1 1
31 1 1
411 1 1

RBD is a complete block design .



* Incomplete block design .

Example :- v=4,b=6,r=3,k=2.

This Is a Binary block design.

1 2
1 2 3 4 5 6

1 3
111211 0 0 O

1 4
N=2 (1 0 0 1 1 O

2 3
3101 0 1 0 1

2 4
410 0 1 0 1 1

3 4



Non Binary

b 1 2 3 4

Vv

1 1 2 1
1 1 1 1
1 0 0 O
0 1 0 1

1
2
3

M < N <

AN (N 1 «

™ 1 <«
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Properties of Block Design

(1) Connectedness
(2) Balancedness and
(3) Orthogonality.

Connectedness :- A block design is
said to be connected If all the elementary
treatment contrasts are estimable



Theorem: A block design is said to be
connectedness Iff Rank(C) = v-1

Proof. Necessary: Let a block design Is
connected Consider a set of (v-1) linearly
Independent Treatment contrast ( T; —T; )
if 171=123...V | et the contrast be

denoted by lit where j=1,2,3...... v-1 I.e.
contrasts are I;t, Lt Lt,.......... .t where

T =(ty, tp, t3,..., ty), Obviously the vector
I;,l5,...1,.1 from the basis of a vector space
of dimension v-1 . Now l;’t( t =1,2,3,...,v-1)



IS estimable Iff it belong to the column

space of the matrix of the design then

R(C) =R(C/};) (1)

Therefore It Is proved that from (1), the
dimension of column space of C-matrix must
be same as that of vector space spanned by the
vector 1s (= 1,2,3...v-1)

It follows that (v-1)=Rank (C) (2)




Now, C is a matrix of orderx vand E ;, C=0
~R(C)<v-1 (3)

From (2) and (3)

It can be proved that R (C) =v-1 (4)

Let | C (E, 1 =0) be one the treatment contrast
Now It IS clear that

R(C,1)>R(C)=v-1 (5)
But (C,l) is the matrix of order vx (v +1)
~R(C)<v

Also E 1, (C,]) = o'.'( F,.C=0,Eq 1=0)
~R(C,I)Sv-1=R(C) (6)



From (5) and (6) It follows that
R(C) =R(C,l) =v-1.
C = R°- NK! N’ is called information matrix
=diag (1, I2, f3,..., v ) - NK'N’
Properties of C-Matrix : As a matrix
1.Each row and each column sum Is zero
.e. CwEn1=0=E {1, Cy
1 It 1s Doubly centroid matrix
2 Diagonal elements of C- Matrix

are always non negative
3 Off diagonal element of C-Matrix

are negative or zero




(4) C-Matrix Is expressed as :

C=6’(|V—EEWJ where
v

¢ is nonzero eigen value of C-Matrix with
Multiply v-1,E,y Is a Matrix of unit . Also C
matrix can be expressed as

C=R° =Nk N’
(5) C-Matrix Is a positive semi definite matrix






Treatment 1 assoclated with block |
Bll A B

2 A
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Treatment

A B C D E F G

O O O O O

—1T N M <t LO

6| 0»0 «



Theorem : In a connected design the diagonal
elements of the C-Matrix are all positive .
Proof :- Since R(C) =v-1and o°C is the
dispersion Matrix of Q. C Is positive semi
definite as all the given roots of C-Matrix
except one are positive hence none of the
diagonal elements of C- Matrlx can be
negative. Let if possible the i" diagonal
element of C be zero. Consider the vector
whose i elemerg 5 ItS orly non zero element
equal to 1 then




Implying that p Is also a characteristic vector

corresponding to zero . Since p and E iy

are Independent and both are characteristic
vector corresponds to the zero root of C. The
rank of C Is at most Vv-2 and the design Is
disconnected to the contrary to the hypothesis.
Hence none of diagonal elements of
C-Matrix are negative or zero.



Theorem: In a connected design the co-factors
of all elements of C have the same positive value.
Proof: Let C = C;; and let C;; be the co-factor

of Cj Let C = Cj It is well known that CC” =D,

Since the design Is connected so a non zero
scalar multiple of E;y, Is a characteristic vector
corresponding to the zero root . Hence each
column of C contains identical element and
become C™ as symmetrical and the diagonal
elements of C-Matrix are all positive Hence
It Is a positive scalar multiple of E,.; so the
co-factor of all elements of C are positive .




Definition 1 ( Balanced):

A connected design Is said to be balance If

all the treatment contrast are estimated

with same variances

2. A design Is said to be balance If all the
treatment contrast are having same precision.
3. A design Is said to be balance If all the
diagonal elements of C matrix are same and
off diagonal elements are also another constan




4. Balance Design:A design is said to be
balance design Iif C-Matrix Is written as

C=0|1, —%EW where

0 1S non zero elvenroot of C-Matrix with

multiplicity (v-1). lv is an identity matrix of

order v and E,y IS a matrix of order v and all
elements are unique .




Orthogonal :-
An | BD is said to be orthogonal if Cov ( Q , P)
=0, where P=B — N’R™T and Q= T- N’K'B
An IBD Is said to be orthogonal if the
1
Incidence matrix of IBD Is expressed as N :&
n

THEOREM: An IBD is said to be orthogonal
rk*

Iff Cov(Q,P)=0 whenN =




Let N be an Incidence matrix of a BIBD ,

o N=D:D, =N'=D,D, R=DD,,

k=D,D,,T=D,y,B=D,y
Now Cov(Q,P) = Cov [T ~NK B, B-NRT]
= Cov |(T —~NK 'B) (B - N’R‘lT)]
= Cov |(D,y~D,D;K 'D,y) (D,y-D,D;R"D,y)’]
= Cov |(D,—D,D,K*D,) yy' (D, DDR—lD)]




= (D,-D,D;K 'D,) (D,~D,D{R*D,)'s’
[D, D, —-D,D/R™D, D, - D,D, K™D, D} +
D,D, K*D,D/R™D,D, Jo?

=[N -RR'N -NK 'K +NK 'NR™*N]o*

=[N-N-N+NK*NR*N]Jo*
~.Cov(Q,P)=NK *NR™*N - N]o’



Necessary: N =rk’/n is given and then
we have to prove that Cov (Q,P) =0

-.Cov(Q,P)=

1k’
| N
k'K "kr'RN |- N
:rEibkEivN]_ N

K—l

kr'
1

R™N [-N

:r(Eibk)EivN]_ N :.n-Z [anivN]_ N
2 [nnN|-N =N-N=0

Cov(Q,P) =0



Necessary: N =rk’/n is given and then
we have to prove that Cov (Q,P) =0

-.Cov(Q,P)=

2 [rk’K *kr'RN |- N
2 [rE KE,N|-N
- :r(Eibk)Eiv\I]_ N — n-2 [anivN]_ N

rk’ (- kr’
N N

2[nnN|-N =N-N=0"

R™N [-N

Cov(Q,P) =0



Sufficient:-It is given that Cov (Q,P) =0,
now we have to prove that N = rk’/n.

~.Cov(Q,P) =[NK *NR'N -NJ]o? =0
NK *NR*N-N=(R-C)R™*N N

C =R-NK™N’

=RR'N-CR™'N - N iR_C:NK_lN,

=N-CK "N—-—N =-CR "N



Since Cov (Q,P)=0 ..CR'N=0
Let RN = A it follows (Assume connected )

that column of A say a;, ay, as,....... apare
proportional to 1 (Recall that E,; =0) I.e.
aj = ojEvifor 1=1,23,...... b where o, are

some scalars. This implies that A=R* N =E,; o’
where  o’= (o, 0, O3,,... Olp)
It Is now easy to show that o’=K’, so It prove

rk’
that N =
N




BALANCED INCOMPLETE BLOCK

DESIGN:




Definition:-

BIBD is an incomplete block design where v

treatments are arranged in b blocks having k

plots in each block (k<v) such that

(1) Each treatment Is replicated in r blocks and

(2) A pair of treatments occurs together in A blocks.
11 2 4

~N O O B W N
~N O O B W DN

 J O O01 &~ W
W DD PN O O



In this Design v=7, b =7, r=3, k=3 and A=1

e Parameters of BIBD:
BIBD has five parameters v, b, r, k, A .
e Parametric relation :-
(1) vr = bk (ID)A(v-1) =r (k-1) and
(1) & v (Fisher s inequality)
e Prove that: vr = bk

et us consider a BIBD with parameters v, b,

r, k and A.Let N be Its incidence matrix .
Since BIBD is a binary and hence




(

1

N = (njj ) =
InaBIBD ri=rn=..=r, =71
E1V N = kElb

NEbl = rey
Now, E1y N Ep; = (Elv N) Epr
= K E1p Ep1 = kb (1)
EivN Ept = Eqv( N Epz )
=EwrEvr=rv (2)

From (1) and (2), vr = bk



Alternative proof:
One block contains k treatments and we

have b such blocks, so total no. of units
will be bk.

Again one treatment Is replicated r times
and we have such v treatments and hence
total number of units will be vr, so vr = bk
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. NEp1 = rEyg
1 Provethat : A(v-1) =r(k-1)
NNE,, = N(E,, N)’
= N(KEy )’ { E,, N =KE,
—k'NE,, =krE, (.NE, =rE,)
_nll n12 *e n1b ) _nll n21

NNr _ n21 n22 r'|2b n12 n22

nvl nv2 ce Iqvb nlb n2b

nvl
r'lv2

nvb




2 2
n21nll T n22r]12 ot rl2bnlb n21n21 T rl22 ot n2b

_nvinll T nv2an Tt nvbnlb nv1nZl T nv2nZZ Tt nvanb

nZlnvl Tt n2bnvb

2 2 2
nvl-l_nv2 +"'+nvb

) 2 ) 1
n11 T n12 Tt nlb n11n21 T n12n22 Tt nlbn2b nllnvi T nlznvz Tt nllnvi




J=1 J=1
b b
2
2NN N,
J=1 J=1




b
In a binary design » n: =r and
j=1

b

> nn, =4 forall 1#],m=|
=1

‘r A1 ... 1

A r e A

S NN =










NN’ =rl, + AEWw - Aly
where Iv IS a matrix of order v and E,y IS
a matrix with all elements unit
=(r-A) Iy + AEw
NN E\,l =[(r-A) Iy + AEw | Ev
= (r 7») Ev1 + AV Eyg
= [(r-A) + AV ] Eva (2)
compairing (1) and (2)
[(r-A) + AV ] Ev1 = kr Eunx

r+ AV -A = Kkr
r+ A(v-1) =kr
-r + kr =A(v-1)

1 a(v=1)=r (k-1)



*EFISHER'S INEQUALITY *
PROVE THAT : b>v

r A A
A T A
We know that .. NN'=
_i i r_V><V

In a matrix if all off diagonal elements are zero then
IM| = product of all diagonal elements.
Adding all columns in first column we get



NN’ =

T+A+ A+ 44 A

A+Tr+A+...+4

_i+i+r+m+r

I

A

VXV



r+A(v-1) A
r+A(v=1) r

r+A(v-1) 4
1 A

1 r
r+10h4): ,

1 A




1 O 0
 r—A --- 0
=[r+A(v-1)]| .

[ ( )] - r=A - 0
_9 H r_ﬁ_
Now, [NN'|=[r + A(v—1)] (r — )"

Ina BIBD r>A.
- NN’

#0, so NN’ is non singular matrix

having dimension vxv ... Rank (NN') =v



Now Rank (NN') <Rank(N)

But here N Is a matrix of vxb

". Rank (N) =min (v,b)

If Rank (N) = v then Rank (NN’) <v
This shows b > v



1 BOSE INEQUALITY *
THEORAM: Forany BIBD b v+r—Kk.
Proof: Let us consider a BIBD with parameters

v, b, r, kand A.Then we know that vr = bk
We also know that ina BIBD,<k v, l.e.,
v-k= Osimilarlyx k,1e.,(r-k) O
= (v-K) (r-k¥ O
vr—kr—vk+k& 0 {-vr=bk
~bk—kr—vk+I& 0
k(lb—r—-v+kg O




k#0so (b—-r—-v+Iig O
b2 v+r- K



Theorem: Show that a BIBD Is connected

if R(C) = v-1

Proof. Consider a BIBD with parameters

v, b, r, kand A. Now the information matrix C
for a BIBD is given by C =r I, -NK™*N’

N is the incidence matrix of BIBD, N' Is the

transpose of N.



NN’

We knowC =rl — because ry=rs ...=ry

[(r - ﬁ“) Iv + X’Evv]

]
=
|
|
Tl

]
|
|
Tl







Now

I EVV — EVV

Y, I vV
I EVV EVV VvV VvV
Y V V oV

2 1
Iv _v Evv +V_2V Evv
= E |
VV V
V Vv




E
This shows that (1, — vW ) an idempotent

matrix .
Rank of any idempotent matrix = trace of a

matrix = sum of the diagonal elements

C=— IV_ Evv
K V




Rank C =Rank]| | M

:R(Iv )_E R(Evv) :V_EV
Vv Vv

Rank (C) = v-1

Remarks: BIBD is balanced If

C:ﬂ IV_EEVV
k V




] — (2)

Where 0 Is eigen value of C matrix of design
d with multiplicity (v-1). Here C-Matrix is
singular matrix and hence one eiven value Is

AV

zero and remaining (v-1) eigen value are P



( Symmetrical Balanced Incomplete Block Design
A BIBD with parameters v, b, r, k, A Is called
SBIBD if v = b.The Incidence matrix of SBIBD
1s always square matrix (N=N’).Incidence matrix

Nvxo = Ny xv @nd hence It Is a square matrix.



Theorem: For any symmetrical BIBD, (r-A) must
be a perfect square for even v.

Proof:. Let us consider a BIBD with parameters
v, b, r, k, A. Let N be Its Incidence matrix and

N’ 1s 1ts transpose. We know that

NN’ = [r+A(v-1)] (r-1)¥"



= [r+r(k-1)] (- { & (v-1) = (k-1)

= (r+rker) (r-0)" = (k) (r-1)"= () (r-0)"
NN’|= (1) (r-3)"

NJ IN’J= 1 (r-2)"

IN| [N|= 1 (r-A)¥" { N =N’ for symmetrical

INJ*=r? (r-))"*



v—1

“IN[=T1 (r-0)

This shows that for any even values of v, (r - )
must be a perfect square.
Resolvable BIBD

A BIBD is said to be resolvable, if b blocks are



arranged In r groups such that each group
contain one and only one treatment. Each
group will contain b/r blocks. Any two

treatments common between two blocks
of the same group are constant while any

two treatments common between two block



of the different groups are another constant.

Example: 1. v=4,b=6,r=3, k=2, A=1.

Design plan

W DN P
~ B WO B WO

Here b =6, r =3, .".b/r = 6/3 = 2 blocks



1 2 1 3 1 4 —Block
2 3 —Block

o - Resolvable BIBD
A resolvable BIBD is said to a- Resolvable

BIBD If each group contains each treatment o time



Example-1 is a 1-Resolvable BIBD also.

Affine Resolvable BIBD:

A Resolvable BIBD is said to be Affine Resolvable
BIBD if number of treatment common between
any two blocks of same group Is constant similarly

any two block of different group are another constant



o - Affine Resolvable BIBD

An Affine resolvable BIBD is said to o -Affine

Resolvable BIBD if in each group each

treatment occur o times.

Show that: A design with parametersv =4, b = 6,
r =3, k=2, A =1is Balanced , connected or

orthogonal



1 1 00

1 01 0

1 0 0 1

0 1 1 0

0 1 0 1

0 0 1 1],

1 1 1 0 0 O

1 00 1 10

01 0101

0 01011,




now NN'=

P P P W
R P W
_ W
w Rk P

i 14x4

C = diag(r) -=NK™'N
NN {.. ki =ko=...=ky)

=diag. (r)



O O O W

O O O W

O O w O

O O w O

O w O O

O w O O

w O O O

w O O O

NN’

13/2
1/2
1/2

1/2

1/2
3/2
1/2
1/2

1/2
1/2
3/2
1/2

1/2°
1/2
1/2
3/2




3/4
-1/4
—-1/4

—1/4

3/2
—-1/2
—-1/2
—-1/2

-1/4

3/4
-1/4
-1/4

—-1/2

3/2
—-1/2
—-1/2

—-1/4
-1/4

3/4
-1/4

—-1/2
—-1/2

3/2
—-1/2

~-1/4

-1/4

-1/4
3/4

-1/2
—-1/2
—-1/2

3/2

(1)



Since all the diagonal elements are constant
and again all the off diagonal elements are
another constant. So design Is Balance
c=0[l,-iE,]

4]

O B O O
R O O O
|
o
e
o
e

o O O -
o O +— O




34 -14 -1Y4 -1/4
C|-Y4 34 14 -4
- ~Y4 -4 34 -1/4 )
-VY4 -4 Y4 34

From (1) and (2) we get 6 = 2
.. Elgen value = 2 with multiply (v-1) = 3,

so design Is Balance.



— E.C=0 ..|C|=0
CEi=0
C Is a singular matrix so Rank (C)=v-1=3
..design Is connected .
Here r=3 k=2

r=(3333) k=(222222)



6x1

|
_222222

(3.3.3.3 )14

rk’ =

(6 6 6 6 6 6

6 6 6 6 6 6
6 6 6 6 6 6
6 6 6 6 6 6




rk’/n n=vr =4*3 =12

12 Y2 Y2 12 12 12
Y2 12 Y2 12 12 12
Y2 12 Y2 12 12 12
Y2 Y2 Y2 Y2 Y2 Y2

.. Design Is not an orthogonal .




All the Incomplete Block design are
non-orthogonal.
Consider a Randomized block Design with

4 treatments and 3 blocks.

N NN B
P W DN
w H~ W
~ 2 b



NOW

N W N B
e I
e e i ) S
P P PP W

so Incidence matrix of Randomized block

designis N =

N
o i
N




r=(3333)

rk’ =

NOow

(3)
3
3

3,

k=(444Y

12 12

(aas), . - 12 12
b3 112 12

» 12 12

nN=vr =4x3=12.

12
12
12
12




\
o
e
o

|l

zZ

. this design Is orthogonal .
Conclusion: All the RBD are orthogonal Design.
Consider a Latin Square Design

v=3,b=3,r=3 k=3.



Incidence matrix N =

o e
o
o

Nowr=(3.3.3) k =(3.3.3)




[ _
o O O

O O O
o o o
| o
9/
—~~ LI |
o o O O O
X
o ﬂu O O O
Q. - S O O
N— V_ |
- N\
M MM M 1 |
N— 4 -
| = el
" o
= Z



PRI
™M 111 1/ =N
N

111
|\lzrk

N

. The design Is orthogonal .
Remarks: L.S.D. Is an orthogonal design.

All the Complete Block Designs are



Orthogonal Designs. All the Incomplete
Block Designs are Non orthogonal Designs.
Analysis of Intrablock BIB design.

From the analysis of one way block design

we know that the reduced normal equation
for estimating treatment effect < Is given by

Q= Ct whereQ=T-NK"'B



C=diag(r) - NK'N ,
where N Is the Incidence matrix of block design
T IS vector of treatment total and B Is vector

of block total.In case of BIBD we have

parameters v, b, r, k, A

NI
C=diag (1,1, .....,1) — NK*



-.C=rl, - N

/

K

0 NN’

(NN’ = (r-1) IV + AEy,

—r—[(r=A)1, +AE, ]/k

I

(r=21)

k

-,

Tk




(rk—-r+A1)
K

r(k-1D+A1)

k

AV-1)+A1)

VvV

VV

'A%




Ay

=—1, — sinceEywt =0



Now S.S. due to treatment =

where Q Is the vector of adjusted treatment total

Variance of Treatment contrasts:

) ok
ForaBIBD 7=—Q =7, =—0Q
AV

K
AV



By @t Ty Qe =00
K K
V(i -1 )=V(—=0Q, - —

now V(T -1, (MQ' MQ‘)

Efficiency factor of BIBD

Let E be the efficiency factor of BIBD



- V(z; —7;) RBD
- V(#,—#,) BIBD

1 1), /2k , 2 /2k Av
=+ |loc°/ —0° =— =
r r AV r / Av 1k

Example: v=4,b=6,r=3, k=2, A=1

E

eV _ 4 2y

Kk 3x2 3




Construction of BIBD

METHOD :1

BIBD with a seriesv, b=vC,, r=v-1, k=2, A =1.
Step 1: Take v treatments write down all possible
combination of v treatments taking two treatments
together .

Step 2: Here there will be vC, combinations.

Two treatments are taken together and is kept In
one block so these vC, treatment combinations are
kept In vC, books. Each block contains 2
treatments and each treatment is replicated

r times and finally a pair of treatment occurs

together in A block



Example: v =7, b=;C, = 21, r=7-1=6, k=2,A=1
Treatments are 1, 1, {3, {4, {5, {6, {7
Combination : L1 Ll 31, t4ls st L6l
1tz Lty 13ls t4lg sty
ity Gls 13l t4l7
l1its Ltg 13ty
lits bty
t1ty
Here each treatments are replicated 6 times
L r=6, andk =2
Each pair of treatment occurs only one time.
v=7,b=21,r=6,k=2, A =1.



METHOD 2:

y v—-1 V—2
V, b="Cy, I = 1) A= o for any k.

Step 1: Take v treatments write down all possible
combination of v treatment taking k treatments
together.

Step 2: Since there will be vC, combinations when
k treatments are taken together. Keep these
combinations in vCy blocks such that each blocks
will contain k treatments. In these way each

v—-1

’ _J times and a pair

treatment Is replicated [



of treatment occur together in A block .
Example 'V =7, k=4 b= -C,=3b, r= 6C3: 20,

A= 5 C 2 — 10.

Treatments are {j, to, t3, 4, t5, t5, 1
t1totst, titstats totststs tatatsts
t1totats titstats totstats  tatatsts
t1totats titstaty totstaty  tatatets
t1totst- titststs  totststs tatststy
t1totats titststy  totststy  tatstety
t1totats titstgt; totststs
t1 o4t titalsts  totatsts
t1totsts titatsty  totytsts
t1totst titatgty  totststs
t1totsts titstgt; totststs



Here each pair occur 10 times ..A =10
Method 3: USING LATIN SQUARE DESIGN

Step 1: Consider a Latin square design of size S
which is having S rows and S column .

Step 2: Delete a column from Latin square design.
Step 3 : Consider row as a block of BIBD and Latin
letters as a treatments. This way we get a BIBD
with parameters :
v=S5,b=S,r=5-1,k=S5-1,and A = S-2.



Example 1:- Construct a LSD of size 5
1 2 3 4 5 1 2

2 3 4 5 1 2 3
3 4 51 2 =3 4
4 5 1 2 3 4 5

5 1 2 3 4 5 1 2 3
Here v = 5, b=5, r=5-1=4, k=5-1=4, & A=5-2=3.

= O1 B~ W
N — O1 B~



Size -4
1 2 3 4

2 3 4 1

Example 2:-

3

2
3

A
1

3 4 1 2

3

2

4 1 2 3
4, r=3,k=3,& A =2

4, b

Here v



Method — 4. Using Hadamard Matrix :-

A matrix H, of order n Is said to he Hadamard
Matrix if H, H, =nl,=H, H,

g
First Hadamard Matrix is H, = 1 1
NowH, Hy
1 1|1 1 2 0 1 0
— = =2 =21,
_1 —1_ _1 —1_ _2 O_ _O 1_
1 1 1 1 |
1 -1 1 -1
Now H4 — 1 1 _1 _1
_1 -1 -1 1 |




-1
-1

-1 1 -1 1
1

-1

-1 1

1

-1
—1
—1
—1
1

1

1
—1

-1
-1
1

1 1
1

1
—1

—1
—1

1

1
-1
—1

-1
1

1

-1 1
—1
-1

-1 1

1

—1
1

—1

1 1
1

-1 1

-1




Method 4: Using Hadamarad Matrix {-1 as +1,

& 1 as 0}

Stepl: Consider a Hadamard Matrix of order (size) n
Step 2: Delete first row and first column of
Hadamard Matrix H, .

Step 3:change-l1as+l1 & 1as0O.

Step 4. Consider the remaining row and column of
Hadamard Matrix as the Incidence Matrix N.

Step 5: This Incidence matrix Is the Incidence

matrix of a BIBD with parameters.



v=n-1,b= n-l,_r =n/2, k =n/2, f& A =n/4

1 1 1 1
-1 1 -1

1 -1 1 -1
Example: H, = 11 1 1 = 1 -1 -1
-1 -1 1

1 -1 -1 1

-las+1l & 1 asO.

= N which s Incidence

) O
= O
O

Matrixof aBIBD

- N
N W W



Parameters of this BIBD are v =3 (n-1) =
(4-1)=3.b=3,r=n/2=4/2=2,k=n/2 =
4/2 =2, L =nld = 4/4 =1.



Example :-

1 1

1 1

-1 -1
-1 1
-1
-1

1

-1 -1 1
-1 1

1
1

1 1

1

1
1
-1
-1

-1

-1
1

-1

-1

1 1

-1 1
-1
-1

-1
1 1

1

1

-1
1

-1

-1 1

-1




-las1&1asO.

—

-1
-1
1

-1 1
1

-1 1
-1
1
1

-1 1

1
1

-1
-1

-1
-1
1

-1

-1

-1
-1
-1
-1

1

-1 1
1

-1
-1

1

-1
1

-1

-1 1

-1

1 01 010 1
0 110011
1 1 00110
0 001111
1 01 1010
01111020
1 1 01 0 0 1




= N (Incidence matrix )

1 3 5 7
2 3 6 7
1 2 5 6
=4 5 6 7
1 3 46
2 3 4 5
1 2 4 7
Here : treatment v = 7 { 1_,2,3,4,5,6,7}
b =n-1=8-1=7,r=n/2=8/2=4,

k=n/2=8/2=4, A =n/4 =8/4 =2.



METHO
Using H

D 5.
adamard Matrix {-1las 0 and 1 asl}

Step: A

| the step are same as Method 4

only -lasOand lasl.

N

N
Parameters: v=b=n-1, r = ~ 1 r=—-1 .

A

Example :- delete first row and first column.

-1 1 -1 1 -1 1 -1

-1 -1 1 1 -1 -1 1

-1 1 -1 -1 1 -1

-1 -1 1 -1 1 1 -1

1 -1 -1 1 1 -1 -1

1 1 1 -1 -1 -1 -1

1 -1 -1 -1 -1 1 1




These two Methods Gives always Symmetrical BIBD.
-lasOand las 1

1 0 1

= N Incidence matrix

o —r O b O+, O
o O r kb O O Bk
b O O b — O O
R = O O O O

o r b O O O

O O O O K BB
R O P O O K




1=4-1=3
1=2-1=1

1=4-1=3

n_
A

V="
= ——
n_

2

Here,
b=7
k —
A =

| _
O O M~ M I~ I~ O
<t < < N O O WO

_2131213_




METHOD: 6. BIBD with series ,

Vv=4)L+3, b=4L+3, r=2L+1=kand A,

where 4) +3 Is a prime number .

Step 1:- Let 4A + 3 Is a prime number for any

A>0. First of all find out the primitive elements

of GF(4\L + 3) {GF = Galois Field }. The

elements of GF(4A + 3) are 0,1,2,3,...,4A + 3-1

(=41 +2) .

Step 2 :- Find the primitive element o for

GF(4\ + 3). That is, if o/**% — 1=1 with
reduced mode (41 + 3) then o Is primitive



element .Next write all the element as the
power of primitive elements. Consider either
even power of primitive element o or odd
power of primitive element with reduce mode
4\ + 3 and keep them in block .

Denote this block as a key block. Develop

this key block with reduced mod v =4\ + 3.

This way we get BIBD with parameter
v=4AL+3=Db,r=2L+1=k, A

Example: A=1, v=4(1)+3=7, b=7, r=2(1)+1=3,

k=3.

-V (=7)Is a prime number.



Element of GF(7) are 0,1,2, 3, 4, 5, 6.
2> 20 22 22 2¢ 2 2°

1 2 4 1

:.2° #1 50 2 is not the primitive element
of GF(7).

3 3 3 3 3° 3° 3°

1 3 2 27 (6x3) (4x3) (5x3)
6 18 12 15
4 5 1

Here 3° =1 with reduced mod 7, so 3is
primitive element of GF(7).



Keybyblock 3" 3°

bl
b2
b3
b4
b5
b6
b7

3

N P N O O1 b~

or A WO NN P N O

35

>~ WO NN P N O O



Even no.

3* 3°

32

—I AN M < O O I~

< O O I~ 1 N M

AN M < 1O O© N~

Here , v=7, b=7, r=3, k=3, A=1.



Example: A=2, gives v =4(2) + 3 = 11=b.,
r=2(2)+1 =5, k=5,
Here v=11 Is a prime number and elements
of GF(11) are 0,1, 2, 3,4, 5, 6, 7, 8, 9,10
20 21 22 23 24 25 26 27 28 29 210
1 2 4 8 16 20 18 14 12
5 10 9 7 3 6 1

o211 =219 =1 50 2 is primitive element of GF(11




0
2
8

g 10 7

9 11 8

2
3

9

4 10 1

5 11 2 10 9

3 11 10

1

11

A
5

7
8

1
2
3
4

9 110 5
10111 ©

11



here , v=11, b=11, r=5, k=5, A=2.

METHOD: 7. Complementary Designs:

Step 1:- Complementary Design can be obtain
from the existing BIBD with parameters v, b, r,
k and A.Take a block and see, which treatments
It contain, next write down those treatments

which are absent In that block and keep them in
another block. These way write down treatments
from all blocks . This will give a BIBD with
parameter v=vi,b=Db;, r=b—-r,k=v-kg




A=D1-or + A
METHOD: 8. Using Block Section

Step 1:- Consider a BIBD with parameters vy, by,
I'1, kl, and M
0 2. Delete any one block from this BIBD

Ste
Ste
Ste
are

0 3: So the

0 4: Take o
present Iin t

r'emaining blocks are now b-1
ne block and see which treatment

NiS block. Now select those

treatments from that block which are absent In
deleted block and then keep these treatments In
another block .
Step 5- Continue step 4 for remaining blocks

Step 6: Since k; treatments are deleted from v,



so the treatments for new design will be (vi-ka).
Next codeitas 1.2,...... V1 -K

Step 7: Each block will contain (k-A) treatment
so the new BIBD exist with parameter v = v;-k;

b:bl-l,k:kl-k,r:rl,k:xl
Example .--v=Db=11,r=k=5,A =2



O© 00 N O O1T &~ W DD

— =
- o

8 10 7 ©
9 11 8 7
10 1 9 8
11 2 10 9
1 3 11 10
2 4
3 5 2 1
4 ©6 3 2
5 [ 4 3
6 8 5 4
/9 6 5

2
3
4
11

10
11

8
11

o B~ W W H

10

10
10
11

B~ W DD DN



1 — 4
2 10 —» 5
4 —- 3 11 —> ©

treatment = 6

here, treatments = v—k = 11 — 5 =6, block
b>’=1{b-1}=10,r=r=5,k’>=k-A =5-2 =3,
A’ =A = 2. The resulting BIBD Is



1 4 5 > b,

o] ™ < To) o) N~ fo®) o)) -

0O 0 0o 0 o0 o o0 9 o

< < O O O HdJ 1 AN
O O «1 O N N AN M <

AN M O N A < M 1O O



METHOD: 9. Block Intersection
Step 1: Consider a BIBD with parameters vy,

b1, 1, k1 and A

Ste
Ste
Ste
are

0 2: Delete

any one block from this BIBD

0 3. So the remaining blocks are b;-1

0 4: Take o

present int

treatments fro
deleted block and then keep these treatments In
another block .
Step 5: Continue step 4 for remaining block .

Step 6: Since k; treatments remain, so for new

ne block and see which treatments
ne deleted block. Now select those

m this block which are present in



BIBD v = k;. Now recode the treatment as

1, 2, 3,.. kg

Step 7: Each block will contain A, treatment
Step 8: So the new BIBD exist with parameters

V:kl,b:b1-1,r:r1-1,k:K,szl-l.



0
2
8

8 10 7

9 11 8

2
3

9

4 10 1

5> 11 2 10 9

5

10
11



Here v=Kk; =5, r = r;-1=4, b=b;-1=10,

k=A1=2, A=A1-1=2-1=1
METHOD:10 Projective Geometry ( PG(N, s)).
Bose(1936) uses the projective geometry to
construct the BIBD . Further with the help of
Galois Field GF(p"), one can construct a finite
projective geometry of N dimension in the
following manner:
Let Xo, X1, Xo,..., Xn De the grdered set of (N+1)
elements where x;, i=1,2..N GF(p") (1)



and are not simultaneously zero, will be called
a point of PG(N, p") where s= p" equation (1)
Is also called ordinate of points.

Next corresponding to X =Xi, X2, X3,.... XN,

we may have another set yo, V1, ... yn. Now

It can be easlily solved that no. of points In
PG(N, p") is exactly

SN+1 _1
st s st 441 = (2)
Ss—1

All the points which satisfy the set of (N-m)




homogeneous linear equation given by :

& n-mpoXo TN Xs T T A XN = 0

may be set for (N-m) dimensional sub space &
briefly m-flats in PG(N, p"). Equation (3) may
be said to represent this flats. However any other
set of (N-m) independent equation which can be

- (3

A



obtained by linear combination of the equation (3)
will have the same set of solution and will
represent the same m-flats.\We call one flats a
line and 2 flats a plan, the number of m flats In
PG(N, p") is given by

_(SN+1 _1XSN _1)..(SN—m+l_1)
piN.m.5)= (s™ —1)s" -1).(s 1) )

To every point PG(N, p"),

let they correspond a variety to every m-flat.
et the correspond to a block containing of
these variety whose correspond point occur

In the m-flat, Points = (N, m, s)




Parameters of BIBD points of PG

N+l

v=no. of treatment (S 1)or #(N,0,S)
(s-1)

b= no. of blocks. (N, m,s)

r=no. of timeseach ~ #((N-1),m-1s)
treatment Is repeated

m+1 _1
k= block size. #(N,0,s) = (s -1)

(s-1)

d(N —2,m—2,5s)

A= pair of treatment
occur together



Stepl: Consider the parameters of a BIBD.
Step 2: Using the points of PG(N,s) and
PG(m, s), find out the value of N,m, s. Further

N +1 . m+1 .
find v = > 1andk:S 1for
s—1 s—1

particular value of s.

Step 3: Consider (N+1) co-ordinate in PG(N,s.).

Step 4: Develop "+ possible combinations
using s={1,2,...,s-1}

Step 5: Code each possible combination as a
treatment

Step 6: Now consider the Homogeneous
equations




do Xo +a1Xy ... TanXn (1)  Where a; e GF(S).
Xo, X1, X2..... Xy are N + 1 co-ordinate In points
of GF(s).

Step 7: If any combination satisfy (1) then keep
such combination In a block.This way we can
get all the b blocks.

Hence we get a BIBD with parameters

) SN+1_1 . N’m,S
V=T b= #( ) .
_ #(N-1m-15) ’k:¢(N’O’S):(s”‘”—1)

o H(N-2.m-25) (-1



This method gives symmetric BIBD.
Example:

v=15Db=15,r=7,k=7, A =3.

N+1_
v= S oo S 1
s—1 s—1
2N+1_1
Considers = 2, so 15= - — 15=2""_1
—16=2""_-1= N =3.
Sm-l—l_l 2m+1_1

sk = or 7 = |
s—1 2—1

;= 2™ -1=8=2""=>m=2

N +1 _1




our points are PG(3,2) & PG(2,2)

number of co-ordinates = N+1 =3+1=4

S = level of co-ordinate =2 1.e. {0,1}

- 2* possible combinations are to be developed
Homogeneous equations are given by

Xj — 0 (I — 0,1,2,3) =4 4C1
Xit Xj = 0 | ;éj =0,1,2,3 =0 ney
Xit+ i + X =0 1##k=0,1,23=4  4C3
Xot X1+ X0+ X3=0 =1 1C4

Total =15 Dblock



X, + X3 =0

th

Xo+ X, +X%X;,=0

t12

Xg + X, + X3 =0

t13

th t12 t15

|

| #

L

Xo + X, +X, +X%X;, =0 t,

t15

1



This is BIBD with parameters v =15, b = 15,
r=7, k=7, A=3.

Example: Construct a BIBD using PG (N, s)
where N=2, s=2, m=1.

SN-I—]. _1

Ina BIBD v = ] —2°"_1=8-1=7
m+1_ 1+1_

= S 1 27 -1 _4.1-3
s—1 1




2+1_ 2_
5(212)- (211 1)(21 1)  7x3
(2 -1)2'-1) 3
r=¢0(N-1m-1s)= ¢(1,0,2)
1+1 2
et B SR
s—1 2—1
k:¢(N -2,m-2,8)= ¢(0,-1,2) .. 1=1
{ because of m= 1}
-. Parameters of BIBD are v=7,b =7,
r=3, k=3, A =1.

_ 7




r=3, k=3, A=1.

Since N = 2, so the no. of treatment (2+1)=3

. (I.e. Xp, X1, X2)

s= level of treatment =2, 1.e. {0,1}, so possible
number of total points =2° (=8) which are
following.
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Xi=0, i:O,1,2 =3
Xit Xj:O i;éj =0,1,2 =3
Xot X1 + X2 =0 =1
Total r =7 block
Thisisa BIBD with parametersv =7, b =7,

r=3, k=3, A =1.







































