Using Latin Square Design: (LSD)

A design is said to be LSD if s treatment are arranged In
s rows and s columns such that each treatment occur s

times and each treatment occur 1n each row and each
column once and only once .

Example:

A B C|
B C A

C A B

Orthogonal Latin Square Design: (OLSD)
If one LSD is superimposed on other LSD in such a way
that each possible combination of Latin Letter occur once

and only once then such two LSD is cal
‘A B C]

Example:

| 7~ N ™

B C A

'A B C|
C A B

ed orthogonal LSD.
'AA BB CC|

BC CA AB

1 ™S P N 1

| 7~ NN

N N ™ A 1



Mutually Orthogonal Latin Square Design (MOLSD):

If there are more than two OLS Design then they are said to
be MOLS Design if all the latin square design are pair wise
orthogonal.

Galois Field:

A field is said to be G.F. if it is closed under the operation of
+, -, x and division(=) . Also If it satisfies N = R mod D. For
an example, 7 =2 mod 5

N= number , R = Remainder, D = Divider.

The elements of GF(s) are 0,1 ,2, 3, ..., s-1, wheres is a
prime number.

Example:- Let 7 is a prime number. The elements of GF(7) are
GF(7)=0,1,2,3,4,5,6



These elements follows the operation of Galois field as
3+5=8=1mod 7 0-6=-6=7-6=1mod?7
1+0=1=1 mod 7 3x6 =18 =4 mod 7

o =2=2mod?7

> _ 042 = 22 2% 6 mod7
2 2 2 2

5 _ b _ 80y _5mod7
4 4 4

3 3 3 3 3P 3
3 9 27 18 12 15

2 6 4 5 1
Hence 3 Is the primitive element of GF(7).



Construction of MOLS

Case 1: When s iIs a prime number.

Case 2: When s Is a complex number.

Case:1 Method for obtaining MOLS for size s, when s
IS @ prime number

Step 1: Write the element of GF(s) from 0,1,2,...... ,s-1.

Step 2: Take any one element from it , say, o and
then write all the elements of GF(s) as Its power
Step 3: Cheek o, thatis, if o®* =1 then such
element, a Is called primitive element of GF(s)
when s Is a prime number.

Step 4: Write all the elements as power of o and
developed it with reduced mod s

Step 5: Keep all these elements in a row and call

It as a key row .

Step 6: Again keep these elements in a column and
call it a key column.



Step 7: Write all possible combination of key row and
key columns with reduce mod s.
Example: 3. 3 is a prime number.The elements of GF(3) are
GF(3) =0,1,2.
2° 2t 27
1 2 4 25"t =1 reduced mod 3.
1

So 2 is a primitive element of GF(3)

key |2° 2 2°
Keyrow, | 0 2 1
—»
COI“”(‘)”*S ; 1 MOLSD 010 21
5 lo 1 o 1{1 0 2
212 1 0
1 11 0 2




00122111
Possible Combination 21 (10 |0 2
1210120

Example: Consider a number 5. Here 5 is a prime number.
The elements of GF(5) are 0, 1, 2, 3, 4.

2° 20 22 2° 2°
2 4 8 06

3 1

2>t = 2% =1 reduced mod 5, so 2 is a primitive
element of GF(5)



0 2 4 3 1
4 1 3 2 0
3 0 2 1 4
1 3 0 4 2
2 4 1 0 3

28 22 20 2°

20

1
1
3
0
4

0 2 4 3 1

1 3 0 4 2

2 4 1 0 3
4 1 3 2 0
3 0 2 1 4

0 2 4 3 1

3 0 2 1 4

1 3 0 4 2
2 4 1 0 3
4 1 3 2 0



Example 7. GF(7) =0,1,2,3,4,5,6.

ol 92 93 94 95 96
2 4 1

23 =land 2" #1
. 2 1s not a primitive element of GF(S)
3 3¢ 3 3F 3F 3P
3 2 6 18 12 15
4 5 1

31 =3"=1 ..3is the primitive element of GF(7)




0 3 2 6 4 5 1

00 3 2 6 4 51

3|3 6 5 2 0 1 4

212 5 4 1 6 0 3

6|6 2 1 5 3 4 0

414 0 6 3 1 2 5

111 4 3 0 5 6 2

-1 O O © N < M
I < N 0O © 1 O
< M 4 N 1O O O
O IO MO < O N
N «1 © O M LI <
M N O 1 I O O
O O© I IO 1 M N
— M O 1O O© N <
IO O < AN ™M ©O© «d
< O M 4 N 1O O
O «—+ IO M - O N
N < «1 © O M
M IO N O A < O
O N © < O 1 M



- N < M O 1O O
IO O© «1 O < AN M
< O O O©O M 1
O© O (N «—1 LO M <
N M IO I 1 © O
M - © 1O N O
O =1 M N © <
-1 IO O N < M O
O N ™M O© «1 O <
< <41 N O O O© M
O© M - O N 1 1o
N ©O O ™M I I
M O 1 < O© 1O
O I O 1 M N O

0 3 26 4 51
5 1 0 4 2 3 6

1 4 3 0 5 6 2
3 6 5 2 6 1 4
2 5 41 6 0 3
6 2 1 5 3 40
4 0 6 3 1 2 5



Case 2: MOLS for size s
When s Is a complex number
Let s Is a complex number i.e. it Is a Non prime number

then the elements of GF(s = p"), where p is a prime number

and n is a positive integer are, 0, o , o' ,0%,...,a” 2,

where a is the primitive element of GF(s=p") for s

as a complex number. The multiplication does not hold
for complex number which insure that division is also
not possible. Hence Galois introduced the concept of
Irreducible polynomial. Further this irreducible polynomial
IS called minimum function and under this minimum
function it follows all the operations of Galois Field.

To do so we consider a function . a;a" + azoc”'1 +....+a,.



For different value of a; and fixed value of o and n we

get many functions. The function which can not be
factorized is called irreducible polynomial and call

such polynomial, a minimum function. Using this function,
one can reduce the power of those elements which are

greater and equal to n, that is, reduce it up to o™ . Next
take the element up to p" -2 and find primitive element o

such that o® -1 = 1.

Take all this element and keep them in a key row.
Similarly keep these elements in one column also and call
this column as a key column

Develop p" rows and columns using o as a primitive
element and minimum function with reduced mod p

Then it will give one MOLS Design To get remaining
(s-1) MOLS Design, keep key row as such and change the
position of element one by one in a key column and
developed It accordinalv .




Example :s=4, .. 4=2°=p" ..p=2,n=2.
p = 2 Is a prime number and n=2 Is a positive integer .
The elements of GF(4) are 0, a.°, o ', ot * ..

Let a;, a, a3 €{0,1} as p = 2. So the function can be

written as

ajo “+aot +az0’ = 1. o %+l o +1 {take a;= a,= az=1}
= o *+o +1

Since this function can not be factorized and hence it is

called irreducible polynomial .

Here o “+o. +1 is a irreducible polynomial for GF(s=22).
So our minimum function is o “+o +1.

o o af

1 o o+l
Now we have to check that is o ° =1 ?



o’ =a of = a a+l)= o + o = a+l+ a=20+1=1

since a” * =1with reduced mod 2 so o is a

primitive element of GF(2%) with the corresponding

minimum function o *+a, +1.

The elements of GF(4)are0 1 o «o°

Addition: o “+a =1, subtraction: o *-a =1, multiplication
; 1 a°

o %.o = o ° =1, Division: —7 =2 =@ . Hence it follows

the four operations.
First MOLS design is given by

a+ll a+l « 1 0



0 1 a a-+l 0 1 a a+l

a oa+1 0 1 a+l « 1 0
a+l « 1 0 1 0 a+l1 «

1 0 a+l « a a+1 0 1

Example: Consider s=8 =2°=p" = p=2, n=3.

Here p Is a prime number and n Is an integer. The

elements of GF(8) are

0,0, o, o?, o, o*, o, a® . Since n = 2 so the function can
be written as

a10c3 + agoc2 + azo. +ad

where, a; a, az a4 € {0,1}

Considering a;=0, a, =0, az =1, a4 =1, we can write given
function as

1.0 + 0.0° +1.a +1 =0+ a+1. which can not be



factorized and hence it is a irreducible polynomial,
so minimum function is a’+ o+1.

Now
a' a® o’ ot a’ a’
a a’ a+l a(a’) a(a’) a(a®)

ale+l) al@®+a) ala’+a+l)
a’+a a’+a’ a’+a’+a
ad+a+l a+l +a’ +a

a’ +1

=a(a’® +1)
a’+a

a+l+a



Here o' =r " =1 sax

Is primitive element with mod 7 with
minimum function o+ o+1. Now the first MOLS design is

Key 0 1 o a’ a+1 a’+a at+a+l  a’+1
0 0 1 o a’ a+1 a*+a a*+a+l  a’+1
1 1 0 a+1 a’+1 o a’+a+l a’+a ot
o o a+1 0 a’+a 1 ot a’*+1  a*+a+l
o’ o’ a’+1 a’+a 0 a’+a+1l o a+1 1
a+l a+l 14 1 a’+a+l 0 a’+1 ot a’+a
a’+a a’+a a’+a+l ot a a’+1 0 1 a+l
a+a+l a*+a+l a*+a a’+1 a+1 a’ 1 0 o
a’ +1 a’ +1 ot a’+a+l 1 a’ +a a+1 o 0



Example: s=9 = 3% = p=3, n=2. The elements of GF(9) are

0 1 2 3 4 5 6 7
O,0,0,05, 0,0 ,0, 0 ,0

Now the function can be written as
= a;0° + a0 + as

where, a; a, az € {0,1,2}
Considering a;=a, =1, az =2, the function can be written as

-.a +a+2 which can not be factorized so this isa irreducible polynomial
~.Hence the minimum function is o+ o+2. for GF(9).

a’ o a’ o’ o’
0 « o’ +o+2 o’ (o) a(a’)
20.° + o+ 2 (2o +1Da 20.° + 201
o’ +o+2 20° + o o’ +o+2
30° +200+4 o°+a+2 30’ +30+2
20, +1 3a.° + 20+ 2

200+ 2 2



a’ a® a’ a®

a(2) a(20) a(a+2) a(a+1)
20 20° a’ +2a a’+a
a’+a+2 a‘+a+2 a’+a+?2
a+2 2005 +2 200° + 20+ 2
a‘+o+2 a‘+o+2
a+4 3a® +3a + 2
a+1 1

Here , o’ =a® =1
So a Is a primitive element of GF(9).



Key 0 1 a 20 +1 2a+2 2 2a a+2 a+l
0 0 1 o 200+1 2a+2 2 20 a+2 a+l
1 1 2 a+l 20+2 2« 0 200 +1 o o+ 2
o a a+1 2a 1 2 o+ 2 0 200+2 2a+1
200+1 2a+1 200+2 1 o+ 2 o 20 a+1 0 2
200+2 20+2 2a 2 o a+l 2a0+1 a+?2 1 0
2 2 0 o+ 2 2¢ 200 +1 1 200+2 a+l o
2a 2 200 +1 0 a+l a+2 2a+2 o 2 1
a+2 oa+2 o 200+ 2 0 1 a+1 2 20+1 2o

a+l a+1 a+2 2a+1 2 0 a 1 200 200 + 2



GF(2°) =p" .. p=2, n=2 where 2 is a prime number.
The minimum function for GF(4) is o + a. +1 and the elements are 0, & o' «
Where, a. is primitive element of GF(2?) so finally the elements of GF(4) are 0,1,
o, a+l
.. treatment combination .
0 O 1 0 2 0
0 1 1 1 2 1
0 o 1l « 2 «
0 (¢+1) |1 (a¢+])) | 2 (x+])
Example :GF(6) = GF(2x3)
Here 2 and 3 are prime number. The elements of GF(3) and GF(2) are
0,1and 0,1,2.

2




00|10
Combination 01(11
02|10

00 01 02 10 11 12
00|00 01 02 10 11 12
01{01 02 00 11 12 10
02102 00 01 12 10 11
10110 11 12 20 21 22
11111 12 10 21 22 20

12112 10 11 22 20 21
This gives first MOLS . Similarly we can obtain other MOLS.




Theorem: For a BIB design prove that 0 <E <1

Av AV
We know thatE = — = — - —
rk r Kk
(i(V—l) =r(k —1)
k-1 v
=—>— <4 (k=1
v—1 k =
r  (v-1)

_ k-1 v _k—1/v—1_1_1/1_1
"k v-1  k v ok 2

: k >1=0<1/k <1
Since

v>1=0<1lv<l

1—%<1, 1—%<1
naBIBD k<v.. % >
,,1—%<1—%



1_
% <1l ~.E<1
-5
v(z, —7;) RBD
v(z, —7;) BIBD

Eigen Roots of C-Matrix of a BIBD
v=4,b=6,r=3,k=2,A=1.

NN’
C:rlv' k




(1
0
0

300 0] [3 11
0 3 00| |[1 31
00 30/ |11 3
000 3] |11 1
32 12 -12 -12
~12 32 -12 -12
~12 -2 32 -12
-2 -1/2 -1/2 3/2 |
Now C =0 (I, — 1/v Ey)
0 0 0) 11 1 1)
1 00/ 1(1111
0 10| 41111
0 0 1, 1111

0

w P P

(1)



(34 14 -Y4 -U4
C|-y4 34 —ys -y4
O ys —ya ya —ya
-4 14 14 34

Compare (1) and (2), we get 0 =2

Hence the eigen value of C matrix of a BIB design
IS 2 with multiplicities 3.



SIMPLE LATTICE DESIGN

Fisher and Yate's (1936) and Bose (1936) introduced and
developed a series of IBD which called BIBD with
parameters v, b, r, k, A. Since this design holds when
(Db>v, 2)A(v-1)=r(k-1) , (3) vr=Dbk.
and hence BIBD are not available with all parameters
Therefore It requires to have another type of IBD.
This incomplete Block Design is called lattice design
Introduced by Yate's (1936)
An incomplete block design with parameter v, b, r, k
is said to be m — ple lattice design if v = s° treatments are
arranged in m-groups where m-groups form b blocks such
that each group contains all the treatment once and only
once and each block contain k treat (k<v) .However each
treatment Is repeated r times, If m= 2 then this m — ple
lattice design is called either Lattice design or simple
lattice design , or square lattice design




If m =3 then it is called triple lattice design .
If m =r then m-ple, then this Lattice design is called
the balanced lattice design . In this case balanced lattice
design Is a particular case of balanced incomplete block
design with parameters v =s° b =s (s+1), k=s A = 1.
METHOD OF CONSTRUCTION

Let there be s* treatments numbered by 1.2.3.....s° .
et these treatments are arranged in the form of a s x s square
The contents of each of s rows of this square are taken to
form a block . Thus s blocks are obtained from s rows.
Similarly take treatments from each column and keep them in
a block. In this way s more blocks can be obtained from s
columns. Again s more block can be obtained from s latin
letters. Further more blocks can obtained from another latin
square design of same size.



In this way (m-2)s blocks can be obtained from (m-2)
orthogonal latin square design. This give a lattice square
design with s treatments in ms blocks each of size s and
each Is replicated m times. Which is called m-ple Lattice
square Design. A square Lattice Design with two replications
Is called a simple Lattice and one with three replication Is a
triple Lttice.

When s Is a prime or a power of a prime, then by
using all the (k-1) MOLS for obtaining the blocks as indicated
as above a Lattice design in (s+1) replications Is obtained.
This is called a Balanced Lattice. Balanced Lattice Is a
particular case of balance incomplete block designs

belonging to the series v = s b=s+s, r=s+1, k =s, A = 1.



If the s* treatments are coded by the combinations
of the s*factorial, i.e. ,the combinations of

two factors each of k levels then a confounded
design In block of size k Is obtained by
confounding main effects and interactions in

m different replication given on m-ple lattice
design. These design are therefore also called
quasi factorial design. Extending this analogous

to factorial design with three factors each at s
level, two types of designs corresponding to block
size sand s can be obtained by adapting suitable
confounding. These design are called cubic Lattice.



ANALYSIS OF LATTICE DESIGN
The data obtained from an m-ple square lattice
design iIs non-orthogonal and are therefore
analyzed by method of analysis of non-orthogonal
two way data. The linear model of this design is
given by :
Yiik = p + t +bi +liji
The reduced normal equation for estimating treatment
effect t; Is obtained from

C;it; + Zcimtm — ‘9i




The incidence matrix of the design is shown bellow.
blocks size(n;) Block total

Treatment

1 2 3

1 1 1 O

2 0 0 1

1 1 O

mk 0 1 O
Rep. m m m ...
TrT T.T, T3 ...
AdT Q1 Q2 Qs...

k2
K

K

K



normal equation of t; Is given as:

m 1 0
(m—?)tl—i(t2 +t,+t, +t,+...) —E(t5 +1, +...)=0Q,

1
mt, _E(tl+t2+t3+ ....... )——(t, +t, +t, +.. )

(t, +t, +t; +....... )= Q.k

~mkt —Sg () - Sc (t,) —Sp () =k Q,

Where, Si (t,) is sum of all those treatments which
occur in row block having treatment 1.5¢ (t;) is sum



of all those treatments which occur in column block
having treatment 1.S, (t,) Is sum of all those

treatments which occur in (m-2) MOLS design.
Now, the normal equation for t; Is given by

smkt, —S. (t) =S (t) =S, (t)=kQ,, i=12,...k* (1)
Writing all equation like (1) for each of the treatment
ti present in Sy (t;) and adding these

k? k?

k equation we get mkS; (t;) —kSz (t) =D t;— > t,...=k S (Q;)
1=1 i1=1

where Sg(Q;) is the adjusted total of those treatments

which are present in Sg (t;) . Taking Zti =0 we get



. MKSg () —KSg (t;) = kSg (Q;)
. (mk —K)Sg (t) =kSg (Q))
S (M=1)Sg (t) =S (Q;)
SR (t|) — SR (QI)
m-1
Sc(ti) — SC(QI) &
m-1
SP (t|) — SP(QI)
m-1
On putting the value of (2) in (1) we get
ke - 52@)_Sc@) 8. Q) _ 0
m-1 m-1 m-1
Hence the solution of the estimate of treatment effect t;
IS obtalned as

(2)




fi Q SR (QI ) + SC (QI ) + SP (QI ) (3)
mk mk(m -1 mk(m-1) mk(m-1)
Similarly, the solution of the estimate of treatment

effect t; 1s given by
fi’ _ kQ N SR(Q;) N Sc(Q;) N Sp(Q;) ()
mk mk(m-1) mk(m-1) mk(m-1)

Now the difference between effects of the i" and
1’ th treatment 1s given by.

t.—f.’:Q Q S(Q) S(Q)
- m mk (m —1)

5.(Q)-Sc(Q) | Sp(Q)-S,(Q))
mk(m —1) mk(m—1)




Variances of the treatment contrasts:
Case—1. If the i"™ and j™ treatments occur together

in the same block then S; (Q,) and S, (Qi’) are
identical and hence S;(Q,) -Si (Qi’) =0

...V(fi —fl'):(i_l_i)az_l_ 2(m_1) 02
m m mk(m —1)
2 2 2 1. ,
=—0 " +—o" = —(1+-—
m Tk T e (A)

Case 2: Lett and t;’ are those treatments which do

not occur In the some block in which t; and t;’ occur.
/ 2
V(E ~t) =224 2MT

m mk(m —1)

= @ m)(l T k(mm—l)jG2 (B)




Average Variance of M-ple Lattice Design

Let v1 IS the variance of those treatment contrasts
which occur together in the block of same row or
same column .

Let v, Is the variance of those treatment
contrasts which do not occur together in the block
of same row or same column.

Let n; = m (k-1) = the number of treatments
each of which occur with, say, tj in same block or
In other blocks.

Let n, = (k-1)(k+1-m) =number of treatments
which do not with tj in any block . Hence average
variance can be obtained as .




Relative Efficiency of m-ple Lattice Design.
B v(t. —t/) RBD
v(t. —t') Lattice design
2 o /v 0y,
m n,+n,
_ 2(”1 + n2) J2
m(nlvl T n2\/2)




YOUDEN SQUARE DESIGN

BIBD is available only for require number
of parameters because of their parametric relations.
Similarly Lattice design is available only for perfect
square number of treatments or cubic number of
treatments . However It requires large number of
unit (plot) for small number of size which will
cause of huge cost and high expenditure. This
shows that Balanced incomplete block design
and Lattice design are not available for specified
number of v, b, r, k. Therefor it required to have
another type of Incomplete block design which is
called Youden Square Design. This design Is

Introduced by Youden and hence the nomenclature.



DEFINITION:
An incomplete block design is said to be Y.S.D.
If v treatments are arranged in b block where each
block Is repeated r times provided block of YSD
from BIBD such that
e Every row contains all the treatments once, I.e.,
row wise It I1s a complete block design.
(11) Column wise it Is a symmetrical BIBD.



METHOD OF CONSTRUCTION
First of all construct a LSD or an orthogonal Latin
Square Design of size s . Delete more than one
row such that the column forms BIBD. For the
given LSD, a YSD can always be obtained provided
the columns of the LSD forms of BIBD.
EXAMPLE : LSD ofsize 4

1 2 3 4 1 2 3
> 3 4 1 1 2 3 4 5 3 4
3 4 1 2 2 3 41 3 4 1
4 1 2 3 3 4 1 2 41 o
This 1s YSD with parameters v=b=, r=k=3, A=2.



Example: LSD of size 3

2
3

1
This 1s YSD with parameters v

2, A=1.

k=

b=3,r

Exam: LSD of size 7

< IO O I~ 1 AN M

AN M < IO O© N~

— AN M < IO O I~

~ d|N | < 10| ©
© ~|d|ln m < |
O O I | AN M| <t
<t O | O [ 1 AN M
M < (]| ~ AN
N Mt © ~|d
—A N[t 0 o~




Deleting 3", 5™, 6", and 7", we get a Youden square
design. If we write the design column wise, we get a
BIB design with parameters v=b=7, r=k= 3 and A= 1.
Comparison between Youden Square Design and
Latin square Design.

Y.S.D.. L.S.D.
It is an incomplete Block Design It is a complete Block Design
It is an incomplete L.S.D It Is complete L.S.D.

Column of YSD from BIBD Column of LSD from RBD
All the YSD are incomplete All the LSD does not give YSD.

Latin square design.



Analysis of Youden Square Design

YSD is a design which eliminates heterogeneity on

both direction and hence analysis of YSD can be carried
out similar to the analysis of two way elimination of
heterogeneity . The reduced normal equation of two
way analysis of elimination of heterogeneity is given by

LR MC GLE,
— T T ' (1)
u u uu
| LL' MM’ LE, L
F=diag(rs,...n)- 7~ T @



Since the row contain all the treatments and hence
the Incidence matrix L=1;; =1 for i1z = 1,2...v= Ey,.
Similarly the column forms the BIB design so the
incidence matrix M = mj, = 1, if i treatment occur
in kK™ block, otherwise =0.
M = mix = n;; = N as the column forms a BIB design
due to column from BIBD,u=k=r,v=b=u’, C=B.
Now from (1) we can rewrite as
E.R NC GE,E

vr —rl

Q=1- k rv
- GEvl_EJFGrE
Q=1I-7 k vr
_LGE, NB _GE, __ NB
Ty K v = K



where C = B as column of youden square design gives
the block of SBIB design, I.e., columns of Youden square
design to be considered as blocks of SBIB design. This

IS the same as the adjusted treatment total in case of BIB
design.

Now,
LL' - MM ' . LE L
u’ u uu

Since, ri=r=r,=r, N=M, u=r, L=E,,, L’=E,,, N’=M’, u’=v.

. Evr Erv. NN’ EWE”E
F = diag(r....r)- v K .

rEvw NN’ rEvrErv
=rl, - — +
V K v

F =diag(r;....ry)-

/




rEvww NN’ TrEvv
=rl, - — +
V K V

=rl, — NK N’ (3)
which is the C-matrix of a SBIB Design.

NN’
From (3) F=rl, —

NN"=(r-A4)I1, + AE,, . Now putting this in (3), we get
r—A)l, +AE — A1)
F=rlv—{( L } {r—(" i, -2,

K k
S rk=r+4 |V—£EW _ r(k-1)+A1 |V—£EW
-k K K K
_'z(v—l)m}l A Ay _Ap
) k Vv k vV k k

" F = ’1"{ E}
K Vv




Q _ e 4 \TV)Vxl

(Gt tT,

VXV

K

Now , Treatment sum of squares=7Q = EQ’Q



ANOVA TABLE
S.V. d.f. Sumofsquare meansquares F-ratio

Treatment  v-1 %ZQf:SE SZ/v—-1(=M,) M, /c?
Via

(adjusted)
b

Block -1 Y B?/nj-CF Sy/r-1(=Mp) M,/c’
=1

(unadjusted)
Error wr—v-r+1 s° s? [ (vr-v-r+1) = *
Total vr—1 y'y









