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Preface

Applied mathematics rests on two central pillars: calculus and linear algebra. While cal-
culus has its roots in the universal laws of Newtonian physics, linear algebra arises from a
much more mundane issue: the need to solve simple systems of linear algebraic equations.
Despite its humble origins, linear algebra ends up playing a comparably profound role in
both applied and theoretical mathematics, as well as in all of science and engineering,
including computer science, data analysis and machine learning, imaging and signal pro-
cessing, probability and statistics, economics, numerical analysis, mathematical biology,
and many other disciplines. Nowadays, a proper grounding in both calculus and linear al-
gebra is an essential prerequisite for a successful career in science, technology, engineering,
statistics, data science, and, of course, mathematics.

Since Newton, and, to an even greater extent following Einstein, modern science has
been confronted with the inherent nonlinearity of the macroscopic universe. But most of
our insight and progress is based on linear approximations. Moreover, at the atomic level,
quantum mechanics remains an inherently linear theory. (The complete reconciliation
of linear quantum theory with the nonlinear relativistic universe remains the holy grail
of modern physics.) Only with the advent of large-scale computers have we been able
to begin to investigate the full complexity of natural phenomena. But computers rely
on numerical algorithms, and these in turn require manipulating and solving systems of
algebraic equations. Now, rather than just a handful of equations, we may be confronted
by gigantic systems containing thousands (or even millions) of unknowns. Without the
discipline of linear algebra to formulate systematic, efficient solution algorithms, as well
as the consequent insight into how to proceed when the numerical solution is insufficiently
accurate, we would be unable to make progress in the linear regime, let alone make sense
of the truly nonlinear physical universe.

Linear algebra can thus be viewed as the mathematical apparatus needed to solve po-
tentially huge linear systems, to understand their underlying structure, and to apply what
is learned in other contexts. The term “linear” is the key, and, in fact, it refers not just
to linear algebraic equations, but also to linear differential equations, both ordinary and
partial, linear boundary value problems, linear integral equations, linear iterative systems,
linear control systems, and so on. It is a profound truth that, while outwardly different,
all linear systems are remarkably similar at their core. Basic mathematical principles such
as linear superposition, the interplay between homogeneous and inhomogeneous systems,
the Fredholm alternative characterizing solvability, orthogonality, positive definiteness and
minimization principles, eigenvalues and singular values, and linear iteration, to name but
a few, reoccur in surprisingly many ostensibly unrelated contexts.

In the late nineteenth and early twentieth centuries, mathematicians came to the real-
ization that all of these disparate techniques could be subsumed in the edifice now known
as linear algebra. Understanding, and, more importantly, exploiting the apparent simi-
larities between, say, algebraic equations and differential equations, requires us to become
more sophisticated — that is, more abstract — in our mode of thinking. The abstraction
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process distills the essence of the problem away from all its distracting particularities, and,
seen in this light, all linear systems rest on a common mathematical framework. Don’t be
afraid! Abstraction is not new in your mathematical education. In elementary algebra,
you already learned to deal with variables, which are the abstraction of numbers. Later,
the abstract concept of a function formalized particular relations between variables, say
distance, velocity, and time, or mass, acceleration, and force. In linear algebra, the abstrac-
tion is raised to yet a further level, in that one views apparently different types of objects
(vectors, matrices, functions, ...) and systems (algebraic, differential, integral, ...) in a
common conceptual framework. (And this is by no means the end of the mathematical
abstraction process; modern category theory, [37], abstractly unites different conceptual
frameworks.)

In applied mathematics, we do not introduce abstraction for its intrinsic beauty. Our
ultimate purpose is to develop effective methods and algorithms for applications in science,
engineering, computing, statistics, data science, etc. For us, abstraction is driven by the
need for understanding and insight, and is justified only if it aids in the solution to real
world problems and the development of analytical and computational tools. Whereas to the
beginning student the initial concepts may seem designed merely to bewilder and confuse,
one must reserve judgment until genuine applications appear. Patience and perseverance
are vital. Once we have acquired some familiarity with basic linear algebra, significant,
interesting applications will be readily forthcoming. In this text, we encounter graph theory
and networks, mechanical structures, electrical circuits, quantum mechanics, the geometry
underlying computer graphics and animation, signal and image processing, interpolation
and approximation, dynamical systems modeled by linear differential equations, vibrations,
resonance, and damping, probability and stochastic processes, statistics, data analysis,
splines and modern font design, and a range of powerful numerical solution algorithms, to
name a few. Further applications of the material you learn here will appear throughout
your mathematical and scientific career.

This textbook has two interrelated pedagogical goals. The first is to explain basic
techniques that are used in modern, real-world problems. But we have not written a mere
mathematical cookbook — a collection of linear algebraic recipes and algorithms. We
believe that it is important for the applied mathematician, as well as the scientist and
engineer, not just to learn mathematical techniques and how to apply them in a variety
of settings, but, even more importantly, to understand why they work and how they are
derived from first principles. In our approach, applications go hand in hand with theory,
each reinforcing and inspiring the other. To this end, we try to lead the reader through the
reasoning that leads to the important results. We do not shy away from stating theorems
and writing out proofs, particularly when they lead to insight into the methods and their
range of applicability. We hope to spark that eureka moment, when you realize “Yes,
of course! I could have come up with that if I'd only sat down and thought it out.”
Most concepts in linear algebra are not all that difficult at their core, and, by grasping
their essence, not only will you know how to apply them in routine contexts, you will
understand what may be required to adapt to unusual or recalcitrant problems. And, the
further you go on in your studies or work, the more you realize that very few real-world
problems fit neatly into the idealized framework outlined in a textbook. So it is (applied)
mathematical reasoning and not mere linear algebraic technique that is the core and raison
d’étre of this text!

Applied mathematics can be broadly divided into three mutually reinforcing compo-
nents. The first is modeling — how one derives the governing equations from physical
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principles. The second is solution techniques and algorithms — methods for solving the
model equations. The third, perhaps least appreciated but in many ways most important,
are the frameworks that incorporate disparate analytical methods into a few broad themes.
The key paradigms of applied linear algebra to be covered in this text include

Gaussian Elimination and factorization of matrices;

linearity and linear superposition;

span, linear independence, basis, and dimension;

inner products, norms, and inequalities;

compatibility of linear systems via the Fredholm alternative;

positive definiteness and minimization principles;

orthonormality and the Gram—Schmidt process;

least squares solutions, interpolation, and approximation;

linear functions and linear and affine transformations;

eigenvalues and eigenvectors/eigenfunctions;

singular values and principal component analysis;

linear iteration, including Markov processes and numerical solution schemes;
linear systems of ordinary differential equations, stability, and matrix exponentials;

vibrations, quasi-periodicity, damping, and resonance; .

These are all interconnected parts of a very general applied mathematical edifice of remark-
able power and practicality. Understanding such broad themes of applied mathematics is
our overarching objective. Indeed, this book began life as a part of a much larger work,
whose goal is to similarly cover the full range of modern applied mathematics, both lin-
ear and nonlinear, at an advanced undergraduate level. The second installment is now in
print, as the first author’s text on partial differential equations, [61], which forms a nat-
ural extension of the linear analytical methods and theoretical framework developed here,
now in the context of the equilibria and dynamics of continuous media, Fourier analysis,
and so on. Our inspirational source was and continues to be the visionary texts of Gilbert
Strang, [79, 80]. Based on students’ reactions, our goal has been to present a more linearly
ordered and less ambitious development of the subject, while retaining the excitement and
interconnectedness of theory and applications that is evident in Strang’s works.

Syllabi and Prerequisites

This text is designed for three potential audiences:

e A beginning, in-depth course covering the fundamentals of linear algebra and its appli-
cations for highly motivated and mathematically mature students.

e A second undergraduate course in linear algebra, with an emphasis on those methods
and concepts that are important in applications.

e A beginning graduate-level course in linear mathematics for students in engineering,
physical science, computer science, numerical analysuis, statistics, and even math-
ematical biology, finance, economics, social sciences, and elsewhere, as well as
master’s students in applied mathematics.

Although most students reading this book will have already encountered some basic
linear algebra — matrices, vectors, systems of linear equations, basic solution techniques,
etc. — the text makes no such assumptions. Indeed, the first chapter starts at the very
beginning by introducing linear algebraic systems, matrices, and vectors, followed by very
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basic Gaussian Elimination. We do assume that the reader has taken a standard two
year calculus sequence. One-variable calculus — derivatives and integrals — will be used
without comment; multivariable calculus will appear only fleetingly and in an inessential
way. The ability to handle scalar, constant coefficient linear ordinary differential equations
is also assumed, although we do briefly review elementary solution techniques in Chapter 7.
Proofs by induction will be used on occasion. But the most essential prerequisite is a
certain degree of mathematical maturity and willingness to handle the increased level of
abstraction that lies at the heart of contemporary linear algebra.

Survey of Topics

In addition to introducing the fundamentals of matrices, vectors, and Gaussian Elimination
from the beginning, the initial chapter delves into perhaps less familiar territory, such as
the (permuted) LU and L DV decompositions, and the practical numerical issues underly-
ing the solution algorithms, thereby highlighting the computational efficiency of Gaussian
Elimination coupled with Back Substitution versus methods based on the inverse matrix
or determinants, as well as the use of pivoting to mitigate possibly disastrous effects of
numerical round-off errors. Because the goal is to learn practical algorithms employed
in contemporary applications, matrix inverses and determinants are de-emphasized —
indeed, the most efficient way to compute a determinant is via Gaussian Elimination,
which remains the key algorithm throughout the initial chapters.

Chapter 2 is the heart of linear algebra, and a successful course rests on the students’
ability to assimilate the absolutely essential concepts of vector space, subspace, span, linear
independence, basis, and dimension. While these ideas may well have been encountered
in an introductory ordinary differential equation course, it is rare, in our experience, that
students at this level are at all comfortable with them. The underlying mathematics is not
particularly difficult, but enabling the student to come to grips with a new level of abstrac-
tion remains the most challenging aspect of the course. To this end, we have included a
wide range of illustrative examples. Students should start by making sure they understand
how a concept applies to vectors in Euclidean space R™ before pressing on to less famil-
iar territory. While one could design a course that completely avoids infinite-dimensional
function spaces, we maintain that, at this level, they should be integrated into the subject
right from the start. Indeed, linear analysis and applied mathematics, including Fourier
methods, boundary value problems, partial differential equations, numerical solution tech-
niques, signal processing, control theory, modern physics, especially quantum mechanics,
and many, many other fields, both pure and applied, all rely on basic vector space con-
structions, and so learning to deal with the full range of examples is the secret to future
success. Section 2.5 then introduces the fundamental subspaces associated with a matrix
— kernel (null space), image (column space), coimage (row space), and cokernel (left null
space) — leading to what is known as the Fundamental Theorem of Linear Algebra which
highlights the remarkable interplay between a matrix and its transpose. The role of these
spaces in the characterization of solutions to linear systems, e.g., the basic superposition
principles, is emphasized. The final Section 2.6 covers a nice application to graph theory,
in preparation for later developments.

Chapter 3 discusses general inner products and norms, using the familiar dot product
and Euclidean distance as motivational examples. Again, we develop both the finite-
dimensional and function space cases in tandem. The fundamental Cauchy-Schwarz in-
equality is easily derived in this abstract framework, and the more familiar triangle in-
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equality, for norms derived from inner products, is a simple consequence. This leads to
the definition of a general norm and the induced matrix norm, of fundamental importance
in iteration, analysis, and numerical methods. The classification of inner products on Eu-
clidean space leads to the important class of positive definite matrices. Gram matrices,
constructed out of inner products of elements of inner product spaces, are a particularly
fruitful source of positive definite and semi-definite matrices, and reappear throughout the
text. Tests for positive definiteness rely on Gaussian Elimination and the connections be-
tween the L D LT factorization of symmetric matrices and the process of completing the
square in a quadratic form. We have deferred treating complex vector spaces until the
final section of this chapter — only the definition of an inner product is not an evident
adaptation of its real counterpart.

Chapter 4 exploits the many advantages of orthogonality. The use of orthogonal and
orthonormal bases creates a dramatic speed-up in basic computational algorithms. Orthog-
onal matrices, constructed out of orthogonal bases, play a major role, both in geometry
and graphics, where they represent rigid rotations and reflections, as well as in notable
numerical algorithms. The orthogonality of the fundamental matrix subspaces leads to a
linear algebraic version of the Fredholm alternative for compatibility of linear systems. We
develop several versions of the basic Gram—Schmidt process for converting an arbitrary
basis into an orthogonal basis, used in particular to construct orthogonal polynomials and
functions. When implemented on bases of R™, the algorithm becomes the celebrated Q R
factorization of a nonsingular matrix. The final section surveys an important application to
contemporary signal and image processing: the discrete Fourier representation of a sampled
signal, culminating in the justly famous Fast Fourier Transform.

Chapter 5 is devoted to solving the most basic multivariable minimization problem:
a quadratic function of several variables. The solution is reduced, by a purely algebraic
computation, to a linear system, and then solved in practice by, for example, Gaussian
Elimination. Applications include finding the closest element of a subspace to a given
point, which is reinterpreted as the orthogonal projection of the element onto the subspace,
and results in the least squares solution to an incompatible linear system. Interpolation
of data points by polynomials, trigonometric function, splines, etc., and least squares ap-
proximation of discrete data and continuous functions are thereby handled in a common
conceptual framework.

Chapter 6 covers some striking applications of the preceding developments in mechanics
and electrical circuits. We introduce a general mathematical structure that governs a wide
range of equilibrium problems. To illustrate, we start with simple mass—spring chains,
followed by electrical networks, and finish by analyzing the equilibrium configurations and
the stability properties of general structures. Extensions to continuous mechanical and
electrical systems governed by boundary value problems for ordinary and partial differential
equations can be found in the companion text [61].

Chapter 7 delves into the general abstract foundations of linear algebra, and includes
significant applications to geometry. Matrices are now viewed as a particular instance
of linear functions between vector spaces, which also include linear differential operators,
linear integral operators, quantum mechanical operators, and so on. Basic facts about linear
systems, such as linear superposition and the connections between the homogeneous and
inhomogeneous systems, which were already established in the algebraic context, are shown
to be of completely general applicability. Linear functions and slightly more general affine
functions on Euclidean space represent basic geometrical transformations — rotations,
shears, translations, screw motions, etc. — and so play an essential role in modern computer
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graphics, movies, animation, gaming, design, elasticity, crystallography, symmetry, etc.
Further, the elementary transpose operation on matrices is viewed as a particular case
of the adjoint operation on linear functions between inner product spaces, leading to a
general theory of positive definiteness that characterizes solvable quadratic minimization
problems, with far-reaching consequences for modern functional analysis, partial differential
equations, and the calculus of variations, all fundamental in physics and mechanics.

Chapters 8-10 are concerned with eigenvalues and their many applications, includ-
ing data analysis, numerical methods, and linear dynamical systems, both continuous
and discrete. After motivating the fundamental definition of eigenvalue and eigenvector
through the quest to solve linear systems of ordinary differential equations, the remainder
of Chapter 8 develops the basic theory and a range of applications, including eigenvector
bases, diagonalization, the Schur decomposition, and the Jordan canonical form. Practical
computational schemes for determining eigenvalues and eigenvectors are postponed until
Chapter 9. The final two sections cover the singular value decomposition and principal
component analysis, of fundamental importance in modern statistical analysis and data
science.

Chapter 9 employs eigenvalues to analyze discrete dynamics, as governed by linear iter-
ative systems. The formulation of their stability properties leads us to define the spectral
radius and further develop matrix norms. Section 9.3 contains applications to Markov
chains arising in probabilistic and stochastic processes. We then discuss practical alter-
natives to Gaussian Elimination for solving linear systems, including the iterative Jacobi,
Gauss—Seidel, and Successive Over—Relaxation (SOR) schemes, as well as methods for com-
puting eigenvalues and eigenvectors including the Power Method and its variants, and the
striking @) R algorithm, including a new proof of its convergence. Section 9.6 introduces
more recent semi-direct iterative methods based on Krylov subspaces that are increasingly
employed to solve the large sparse linear systems arising in the numerical solution of partial
differential equations and elsewhere: Arnoldi and Lanczos methods, Conjugate Gradients
(CG), the Full Orthogonalization Method (FOM), and the Generalized Minimal Residual
Method (GMRES). The chapter concludes with a short introduction to wavelets, a power-
ful modern alternative to classical Fourier analysis, now used extensively throughout signal
processing and imaging science.

The final Chapter 10 applies eigenvalues to linear dynamical systems modeled by systems
of ordinary differential equations. After developing basic solution techniques, the focus
shifts to understanding the qualitative properties of solutions and particularly the role
of eigenvalues in the stability of equilibria. The two-dimensional case is discussed in full
detail, culminating in a complete classification of the possible phase portraits and stability
properties. Matrix exponentials are introduced as an alternative route to solving first order
homogeneous systems, and are also applied to solve the inhomogeneous version, as well as
to geometry, symmetry, and group theory. Our final topic is second order linear systems,
which model dynamical motions and vibrations in mechanical structures and electrical
circuits. In the absence of frictional damping and instabilities, solutions are quasiperiodic
combinations of the normal modes. We finish by briefly discussing the effects of damping
and of periodic forcing, including its potentially catastrophic role in resonance.

Course Outlines

Our book includes far more material than can be comfortably covered in a single semester;
a full year’s course would be able to do it justice. If you do not have this luxury, several
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possible semester and quarter courses can be extracted from the wealth of material and
applications.

First, the core of basic linear algebra that all students should know includes the following
topics, which are indexed by the section numbers where they appear:

e Matrices, vectors, Gaussian Elimination, matrix factorizations, Forward and
Back Substitution, inverses, determinants: 1.1-1.6, 1.8-1.9.

e Vector spaces, subspaces, linear independence, bases, dimension: 2.1-2.5.

e Inner products and their associated norms: 3.1-3.3.

e Orthogonal vectors, bases, matrices, and projections: 4.1-4.4.

e Positive definite matrices and minimization of quadratic functions: 3.4-3.5, 5.2

e Linear functions and linear and affine transformations: 7.1-7.3.

e Eigenvalues and eigenvectors: 8.2-8.3.

e Linear iterative systems: 9.1-9.2.

With these in hand, a variety of thematic threads can be extracted, including:

e Minimization, least squares, data fitting and interpolation: 4.5, 5.3-5.5.
e Dynamical systems: 8.4, 8.6 (Jordan canonical form), 10.1-10.4.

e Engineering applications: Chapter 6, 10.1-10.2, 10.5-10.6.

e Data analysis: 5.3-5.5, 8.5, 8.7-8.8.

e Numerical methods: 8.6 (Schur decomposition), 8.7, 9.1-9.2, 9.4-9.6.

e Signal processing: 3.6, 5.6, 9.7.

e Probabilistic and statistical applications: 8.7-8.8, 9.3.

e Theoretical foundations of linear algebra: Chapter 7.

For a first semester or quarter course, we recommend covering as much of the core
as possible, and, if time permits, at least one of the threads, our own preference being
the material on structures and circuits. One option for streamlining the syllabus is to
concentrate on finite-dimensional vector spaces, bypassing the function space material,
although this would deprive the students of important insight into the full scope of linear
algebra.

For a second course in linear algebra, the students are typically familiar with elemen-
tary matrix methods, including the basics of matrix arithmetic, Gaussian Elimination,
determinants, inverses, dot product and Euclidean norm, eigenvalues, and, often, first or-
der systems of ordinary differential equations. Thus, much of Chapter 1 can be reviewed
quickly. On the other hand, the more abstract fundamentals, including vector spaces, span,
linear independence, basis, and dimension are, in our experience, still not fully mastered,
and one should expect to spend a significant fraction of the early part of the course covering
these essential topics from Chapter 2 in full detail. Beyond the core material, there should
be time for a couple of the indicated threads depending on the audience and interest of the
instructor.

Similar considerations hold for a beginning graduate level course for scientists and engi-
neers. Here, the emphasis should be on applications required by the students, particularly
numerical methods and data analysis, and function spaces should be firmly built into the
class from the outset. As always, the students’ mastery of the first five sections of Chapter 2
remains of paramount importance.
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Comments on Individual Chapters

Chapter 1: On the assumption that the students have already seen matrices, vectors,
Gaussian Elimination, inverses, and determinants, most of this material will be review and
should be covered at a fairly rapid pace. On the other hand, the L U decomposition and the
emphasis on solution techniques centered on Forward and Back Substitution, in contrast to
impractical schemes involving matrix inverses and determinants, might be new. Sections
1.7, on the practical/numerical aspects of Gaussian Elimination, is optional.

Chapter 2: The crux of the course. A key decision is whether to incorporate infinite-
dimensional vector spaces, as is recommended and done in the text, or to have an abbre-
viated syllabus that covers only finite-dimensional spaces, or, even more restrictively, only
R™ and subspaces thereof. The last section, on graph theory, can be skipped unless you
plan on covering Chapter 6 and (parts of) the final sections of Chapters 9 and 10.

Chapter 8: Inner products and positive definite matrices are essential, but, under time
constraints, one can delay Section 3.3, on more general norms, as they begin to matter
only in the later stages of Chapters 8 and 9. Section 3.6, on complex vector spaces, can
be deferred until the discussions of complex eigenvalues, complex linear systems, and real
and complex solutions to linear iterative and differential equations; on the other hand, it
is required in Section 5.6, on discrete Fourier analysis.

Chapter 4: The basics of orthogonality, as covered in Sections 4.1-4.4, should be an
essential part of the students’ training, although one can certainly omit the final subsection
in Sections 4.2 and 4.3. The final section, on orthogonal polynomials, is optional.

Chapter 5: We recommend covering the solution of quadratic minimization problems
and at least the basics of least squares. The applications — approximation of data, interpo-
lation and approximation by polynomials, trigonometric functions, more general functions,
and splines, etc., are all optional, as is the final section on discrete Fourier methods and
the Fast Fourier Transform.

Chapter 6 provides a welcome relief from the theory for the more applied students in the
class, and is one of our favorite parts to teach. While it may well be skipped, the material
is particularly appealing for a class with engineering students. One could specialize to just
the material on mass/spring chains and structures, or, alternatively, on electrical circuits
with the connections to spectral graph theory, based on Section 2.6, and further developed
in Section 8.7.

Chapter 7: The first third of this chapter, on linear functions, linear and affine trans-
formations, and geometry, is part of the core. This remainder of the chapter recasts many
of the linear algebraic techniques already encountered in the context of matrices and vec-
tors in Euclidean space in a more general abstract framework, and could be skimmed over
or entirely omitted if time is an issue, with the relevant constructions introduced in the
context of more concrete developments, as needed.

Chapter 8: Eigenvalues are absolutely essential. The motivational material based on
solving systems of differential equations in Section 8.1 can be skipped over. Sections 8.2
and 8.3 are the heart of the matter. Of the remaining sections, the material on sym-
metric matrices should have the highest priority, leading to singular values and principal
component analysis and a variety of numerical methods.
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Chapter 9: If time permits, the first two sections are well worth covering. For a numeri-
cally oriented class, Sections 9.4-9.6 would be a priority, whereas Section 9.3 studies Markov
processes — an appealing probabilistic/stochastic application. The chapter concludes with
an optional introduction to wavelets, which is somewhat off-topic, but nevertheless serves
to combine orthogonality and iterative methods in a compelling and important modern
application.

Chapter 10 is devoted to linear systems of ordinary differential equations, their solutions,
and their stability properties. The basic techniques will be a repeat to students who have
already taken an introductory linear algebra and ordinary differential equations course, but
the more advanced material will be new and of interest.

Changes from the First Edition

For the Second Edition, we have revised and edited the entire manuscript, correcting all
known errors and typos, and, we hope, not introducing any new ones! Some of the existing
material has been rearranged. The most significant change is having moved the chapter on
orthogonality to before the minimization and least squares chapter, since orthogonal vec-
tors, bases, and subspaces, as well as the Gram—Schmidt process and orthogonal projection
play an absolutely fundamental role in much of the later material. In this way, it is easier
to skip over Chapter 5 with minimal loss of continuity. Matrix norms now appear much
earlier in Section 3.3, since they are employed in several other locations. The second major
reordering is to switch the chapters on iteration and dynamics, in that the former is more
attuned to linear algebra, while the latter is oriented towards analysis. In the same vein,
space constraints compelled us to delete the last chapter of the first edition, which was on
boundary value problems. Although this material serves to emphasize the importance of
the abstract linear algebraic techniques developed throughout the text, now extended to
infinite-dimensional function spaces, the material contained therein can now all be found
in the first author’s Springer Undergraduate Text in Mathematics, Introduction to Partial
Differential Fquations, [61], with the exception of the subsection on splines, which now
appears at the end of Section 5.5.
There are several significant additions:

e In recognition of their increasingly essential role in modern data analysis and statis-
tics, Section 8.7, on singular values, has been expanded, continuing into the new
Section 8.8, on Principal Component Analysis, which includes a brief introduction
to basic statistical data analysis.

e We have added a new Section 9.6, on Krylov subspace methods, which are increasingly
employed to devise effective and efficient numerical solution schemes for sparse linear
systems and eigenvalue calculations.

e Section 8.4 introduces and characterizes invariant subspaces, in recognition of their
importance to dynamical systems, both finite- and infinite-dimensional, as well as
linear iterative systems, and linear control systems. (Much as we would have liked
also to add material on linear control theory, space constraints ultimately interfered.)

e We included some basics of spectral graph theory, of importance in contemporary
theoretical computer science, data analysis, networks, imaging, etc., starting in Sec-
tion 2.6 and continuing to the graph Laplacian, introduced, in the context of elec-
trical networks, in Section 6.2, along with its spectrum — eigenvalues and singular
values — in Section 8.7.
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e We decided to include a short Section 9.7, on wavelets. While this perhaps fits more
naturally with Section 5.6, on discrete Fourier analysis, the convergence proofs rely
on the solution to an iterative linear system and hence on preceding developments
in Chapter 9.

e A number of new exercises have been added, in the new sections and also scattered
throughout the text.

Following the advice of friends, colleagues, and reviewers, we have also revised some
of the less standard terminology used in the first edition to bring it closer to the more
commonly accepted practices. Thus “range” is now “image” and “target space” is now
“codomain”. The terms “special lower/upper triangular matrix” are now “lower/upper
unitriangular matrix”, thus drawing attention to their unipotence. On the other hand, the
term “regular” for a square matrix admitting an LU factorization has been kept, since
there is really no suitable alternative appearing in the literature. Finally, we decided to
retain our term “complete” for a matrix that admits a complex eigenvector basis, in lieu of
“diagonalizable” (which depends upon whether one deals in the real or complex domain),
“semi-simple”, or “perfect”. This choice permits us to refer to a “complete eigenvalue”,
independent of the underlying status of the matrix.

Exercises and Software

Exercises appear at the end of almost every subsection, and come in a medley of flavors.
Each exercise set starts with some straightforward computational problems to test students’
comprehension and reinforce the new techniques and ideas. Ability to solve these basic
problems should be thought of as a minimal requirement for learning the material. More
advanced and theoretical exercises tend to appear later on in the set. Some are routine,
but others are challenging computational problems, computer-based exercises and projects,
details of proofs that were not given in the text, additional practical and theoretical results
of interest, further developments in the subject, etc. Some will challenge even the most
advanced student.
As a guide, some of the exercises are marked with special signs:

¢ indicates an exercise that is used at some point in the text, or is important for further
development of the subject.

O indicates a project — usually an exercise with multiple interdependent parts.

& indicates an exercise that requires (or at least strongly recommends) use of a computer.
The student could either be asked to write their own computer code in, say, MATLAB,
MATHEMATICA, MAPLE, etc., or make use of pre-existing software packages.

& = & + O indicates a computer project.

Advice to instructors: Don’t be afraid to assign only a couple of parts of a multi-part
exercise. We have found the True/False exercises to be a particularly useful indicator of
a student’s level of understanding. Emphasize to the students that a full answer is not
merely a T or F, but must include a detailed explanation of the reason, e.g., a proof, or a
counterexample, or a reference to a result in the text, etc.
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Conventions and Notations

Note: A full symbol and notation index can be found at the end of the book.

Equations are numbered consecutively within chapters, so that, for example, (3.12)
refers to the 12th equation in Chapter 3. Theorems, Lemmas, Propositions, Definitions,
and Examples are also numbered consecutively within each chapter, using a common index.
Thus, in Chapter 1, Lemma 1.2 follows Definition 1.1, and precedes Theorem 1.3 and
Example 1.4. We find this numbering system to be the most conducive for navigating
through the book.

References to books, papers, etc., are listed alphabetically at the end of the text, and
are referred to by number. Thus, [61] indicates the 615t listed reference, which happens to
be the first author’s partial differential equations text.

Q.E.D. is placed at the end of a proof, being the abbreviation of the classical Latin phrase
quod erat demonstrandum, which can be translated as “what was to be demonstrated”.

R,C,Z,Q denote, respectively, the real numbers, the complex numbers, the integers,
and the rational numbers. We use e ~ 2.71828182845904 ... to denote the base of the
natural logarithm, m = 3.14159265358979 ... for the area of a circle of unit radius, and i
to denote the imaginary unit, i.e., one of the two square roots of —1, the other being —1i.
The absolute value of a real number x is denoted by |z |; more generally, | z| denotes the
modulus of the complex number z.

We consistently use boldface lowercase letters, e.g., v,x,a, to denote vectors (almost
always column vectors), whose entries are the corresponding non-bold subscripted letter:
vy, &;,a,, etc. Matrices are denoted by ordinary capital letters, e.g., A,C, K, M — but
not all such letters refer to matrices; for instance, V' often refers to a vector space, L to
a linear function, etc. The entries of a matrix, say A, are indicated by the corresponding

subscripted lowercase letters, a;; being the entry in its i*" row and j* column.

We use the standard notations

a; = a0y -0
1

n n
Zai:a1+a2—|—~--+an, s
i=1 i=

for the sum and product of the quantities a,,...,a,. We use max and min to denote

maximum and minimum, respectively, of a closed subset of R. Modular arithmetic is
indicated by j = kmodn, for j, k,n € Z with n > 0, to mean j — k is divisible by n.

We use S = { f|C} to denote a set, where f is a formula for the members of the
set and C is a list of conditions, which may be empty, in which case it is omitted. For
example, { 2|0 < z < 1} means the closed unit interval from 0 to 1, also denoted [0, 1],
while {az? + bz + c¢|a,b,c € R} is the set of real quadratic polynomials, and {0} is the
set consisting only of the number 0. We write z € S to indicate that z is an element of the
set S, while y € S says that y is not an element. The cardinality, or number of elements,
in the set A, which may be infinite, is denoted by #A. The union and intersection of the
sets A, B are respectively denoted by A U B and A N B. The subset notation A C B
includes the possibility that the sets might be equal, although for emphasis we sometimes
write A C B, while A C B specifically implies that A # B. We can also write A C B as
B> A Weuse B\A={z|z € B,z ¢ A} to denote the set-theoretic difference, meaning
all elements of B that do not belong to A.
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An arrow — is used in two senses: first, to indicate convergence of a sequence: =, — x*
as n — oo; second, to indicate a function, so f: X — Y means that f defines a function
from the domain set X to the codomain set Y, written y = f(z) € Y for x € X. We use
= to emphasize when two functions agree everywhere, so f(z) = 1 means that f is the
constant function, equal to 1 at all values of z. Composition of functions is denoted fog.

Angles are always measured in radians (although occasionally degrees will be mentioned
in descriptive sentences). All trigonometric functions, cos, sin, tan, sec, etc., are evaluated
on radians. (Make sure your calculator is locked in radian mode!)

As usual, we denote the natural exponential function by e*. We always use logz for
its inverse — the natural (base e) logarithm (never the ugly modern version In ), while
log, x = log x/loga is used for logarithms with base a.

We follow the reference tome [59] (whose mathematical editor is the first author’s father)
and use ph z for the phase of a complex number. We prefer this to the more common term
“argument”, which is also used to refer to the argument of a function f(z), while “phase”
is completely unambiguous and hence to be preferred.

We will employ a variety of standard notations for derivatives. In the case of ordinary

du
derivatives, the most basic is the Leibnizian notation d for the derivative of w with
7

respect to x; an alternative is the Lagrangian prime notation «’. Higher order derivatives
2 m

d“u U
are similar, with «” denoting g2 while ©(™ denotes the nt® order derivative g If the
x x

function depends on time, ¢, instead of space, x, then we use the Newtonian dot notation,

L du . du du Pu O
u = dth , U= dtl;' We use the full Leibniz notation 87; ; 87: ) 8;; O gt , for partial

derivatives of functions of several variables. All functions are assumed to be sufficiently
smooth that any indicated derivatives exist and mixed partial derivatives are equal, cf. [2].

b
Definite integrals are denoted by / f(x)dx, while / f(x)dx is the corresponding

indefinite integral or anti-derivative. In general, limits are denoted by lim , while lim+
rT—y Ty
and lim are used to denote the two one-sided limits in R.
Tr—Yy-
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History and Biography

Mathematics is both a historical and a social activity, and many of the algorithms, theo-
rems, and formulas are named after famous (and, on occasion, not-so-famous) mathemati-
cians, scientists, engineers, etc. — usually, but not necessarily, the one(s) who first came up
with the idea. We try to indicate first names, approximate dates, and geographic locations
of most of the named contributors. Readers who are interested in additional historical de-
tails, complete biographies, and, when available, portraits or photos, are urged to consult
the wonderful University of St. Andrews MacTutor History of Mathematics archive:

http://www-history.mcs.st-and.ac.uk

Some Final Remarks

To the student: You are about to learn modern applied linear algebra. We hope you
enjoy the experience and profit from it in your future studies and career. (Indeed, we
recommended holding onto this book to use for future reference.) Please send us your
comments, suggestions for improvement, along with any errors you might spot. Did you
find our explanations helpful or confusing? Were enough examples included in the text?
Were the exercises of sufficient variety and at an appropriate level to enable you to learn
the material?

To the instructor: Thank you for adopting our text! We hope you enjoy teaching from
it as much as we enjoyed writing it. Whatever your experience, we want to hear from you.
Let us know which parts you liked and which you didn’t. Which sections worked and which
were less successful. Which parts your students enjoyed, which parts they struggled with,
and which parts they disliked. How can we improve it?

Like every author, we sincerely hope that we have written an error-free text. Indeed, all
known errors in the first edition have been corrected here. On the other hand, judging from
experience, we know that, no matter how many times you proofread, mistakes still manage
to sneak through. So we ask your indulgence to correct the few (we hope) that remain.
Even better, email us with your questions, typos, mathematical errors and obscurities,
comments, suggestions, etc.

The second edition’s dedicated web site

http://www.math.umn.edu/~olver/ala2.html

will contain a list of known errors, commentary, feedback, and resources, as well as a
number of illustrative MATLAB programs that we’ve used when teaching the course. Links
to the Selected Solutions Manual will also be posted there.


http://www-history.mcs.st-and.ac.uk
http://www.math.umn.edu/%E2%88%BColver/ala2.html
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Chapter 1
Linear Algebraic Systems

Linear algebra is the core of modern applied mathematics. Its humble origins are to be
found in the need to solve “elementary” systems of linear algebraic equations. But its
ultimate scope is vast, impinging on all of mathematics, both pure and applied, as well
as numerical analysis, statistics, data science, physics, engineering, mathematical biology,
financial mathematics, and every other discipline in which mathematical methods are re-
quired. A thorough grounding in the methods and theory of linear algebra is an essential
prerequisite for understanding and harnessing the power of mathematics throughout its
multifaceted applications.

In the first chapter, our focus will be on the most basic method for solving linear
algebraic systems, known as Gaussian Elimination in honor of one of the all-time mathe-
matical greats, the early nineteenth-century German mathematician Carl Friedrich Gauss,
although the method appears in Chinese mathematical texts from around 150 CE, if not
earlier, and was also known to Isaac Newton. Gaussian Elimination is quite elementary,
but remains one of the most important algorithms in applied (as well as theoretical) math-
ematics. Our initial focus will be on the most important class of systems: those involving
the same number of equations as unknowns — although we will eventually develop tech-
niques for handling completely general linear systems. While the former typically have
a unique solution, general linear systems may have either no solutions or infinitely many
solutions. Since physical models require existence and uniqueness of their solution, the sys-
tems arising in applications often (but not always) involve the same number of equations
as unknowns. Nevertheless, the ability to confidently handle all types of linear systems
is a basic prerequisite for further progress in the subject. In contemporary applications,
particularly those arising in numerical solutions of differential equations, in signal and im-
age processing, and in contemporary data analysis, the governing linear systems can be
huge, sometimes involving millions of equations in millions of unknowns, challenging even
the most powerful supercomputer. So, a systematic and careful development of solution
techniques is essential. Section 1.7 discusses some of the practical issues and limitations in
computer implementations of the Gaussian Elimination method for large systems arising
in applications.

Modern linear algebra relies on the basic concepts of scalar, vector, and matrix, and
so we must quickly review the fundamentals of matrix arithmetic. Gaussian Elimination
can be profitably reinterpreted as a certain matrix factorization, known as the (permuted)
LU decomposition, which provides valuable insight into the solution algorithms. Matrix
inverses and determinants are also discussed in brief, primarily for their theoretical prop-
erties. As we shall see, formulas relying on the inverse or the determinant are extremely
inefficient, and so, except in low-dimensional or highly structured environments, are to
be avoided in almost all practical computations. In the theater of applied linear algebra,
Gaussian Elimination and matrix factorization are the stars, while inverses and determi-
nants are relegated to the supporting cast.

1.1 Solution of Linear Systems

Gaussian Elimination is a simple, systematic algorithm to solve systems of linear equations.
It is the workhorse of linear algebra, and, as such, of absolutely fundamental importance
© Springer International Publishing AG, part of Springer Nature 2018 1
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2 1 Linear Algebraic Systems

in applied mathematics. In this section, we review the method in the most important case,
in which there is the same number of equations as unknowns. The general situation will
be deferred until Section 1.8.

To illustrate, consider an elementary system of three linear equations

rT+2y+z =2,
22 +6y+2=T1, (1.1)
r+y+4z =3,

in three unknowns x,y, z. Linearity® refers to the fact that the unknowns only appear to
the first power, and there are no product terms like 2y or xy z. The basic solution method
is to systematically employ the following fundamental operation:

1Bz shsina i 01 tatosl =- 88  Add a multiple of one equation to another equation.

Before continuing, you might try to convince yourself that this operation doesn’t change
the solutions to the system. Our goal is to judiciously apply the operation and so be led to
a much simpler linear system that is easy to solve, and, moreover, has the same solutions
as the original. Any linear system that is derived from the original system by successive
application of such operations will be called an equivalent system. By the preceding remark,
equivalent linear systems have the same solutions.

The systematic feature is that we successively eliminate the variables in our equations
in order of appearance. We begin by eliminating the first variable, x, from the second
equation. To this end, we subtract twice the first equation from the second, leading to the
equivalent system

r+2y+z=2,
2y —z =3, (1.2)
r+y+4z=3.
Next, we eliminate x from the third equation by subtracting the first equation from it:
rT+2y+z2=2,
2y — 2z =3, (1.3)
—y+3z=1.

The equivalent system (1.3) is already simpler than the original (1.1). Notice that the
second and third equations do not involve = (by design) and so constitute a system of two
linear equations for two unknowns. Moreover, once we have solved this subsystem for y
and z, we can substitute the answer into the first equation, and we need only solve a single
linear equation for x.

We continue on in this fashion, the next phase being the elimination of the second
variable, y, from the third equation by adding ; the second equation to it. The result is

rT+2y+z2=2,
2y —z =3, (1.4)

5,_5

27 = 2s

which is the simple system we are after. It is in what is called triangular form, which means
that, while the first equation involves all three variables, the second equation involves only
the second and third variables, and the last equation involves only the last variable.

f The “official” definition of linearity will be deferred until Chapter 7.
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Any triangular system can be straightforwardly solved by the method of Back Substi-
tution. As the name suggests, we work backwards, solving the last equation first, which
requires that z = 1. We substitute this result back into the penultimate equation, which
becomes 2y — 1 = 3, with solution y = 2. We finally substitute these two values for y and
z into the first equation, which becomes = + 5 = 2, and so the solution to the triangular
system (1.4) is

= -3, y =2, z=1. (1.5)

Moreover, since we used only our basic linear system operation to pass from (1.1) to the
triangular system (1.4), this is also the solution to the original system of linear equations,
as you can check. We note that the system (1.1) has a unique — meaning one and only
one — solution, namely (1.5).

And that, barring a few minor complications that can crop up from time to time, is all
that there is to the method of Gaussian Elimination! It is extraordinarily simple, but its
importance cannot be overemphasized. Before exploring the relevant issues, it will help to
reformulate our method in a more convenient matrix notation.

Exercises

1.1.1. Solve the following systems of linear equations by reducing to triangular form and then
using Back Substitution.

p+q—r=20, 2u — v+ 2w = 2,
@ "V ) SMTYTY () apogisr=3 (d) F3w=1
- r=3, —u—v+3w=1,

Y oy =3 3u—20=5 P4
—p—q=F6; 3u—2w=1;
T+ z—2w= -3, 3r; +x9 =1,

511 +3x9 — w3 =9,
(e) 3wy +22y —23=5,  (f)
T+ Ty + x93 =—1;

20 —y+2z —w= -5, ()m1—|—3x2—|—m3:1,
by—dzt2w=2 & my 43wyt =1,
z+3y+2z—w=1; zg+3xy = 1.

1.1.2. How should the coefficients a, b, and c be chosen so that the system ax + by + cz = 3,
ar—y+cz=1, ©+by— cz =2, has the solution z =1,y =2 and z = —17

© 1.1.3. The system 2z = —6, —4x + 3y = 3,z + 4y — z = 7, is in lower triangular form.

(a) Formulate a method of Forward Substitution to solve it. (b) What happens if you
reduce the system to (upper) triangular form using the algorithm in this section?

(¢) Devise an algorithm that uses our linear system operation to reduce a system to lower
triangular form and then solve it by Forward Substitution. (d) Check your algorithm by
applying it to one or two of the systems in Exercise 1.1.1. Are you able to solve them in all
cases?

1.2 Matrices and Vectors
A matriz is a rectangular array of numbers. Thus,

T 0

1

2

10 3 e 0 13
<—2 4 1)’ ~1 83 (2 —16 .32), <0> (—2 5)’

4
\/5 7
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are all examples of matrices. We use the notation

Ay g2 A1
a a e a
21 22 2n
A | o (L6)
aml a‘m2 amn

for a general matrix of size m x n (read “m by n”), where m denotes the number of rows in
A and n denotes the number of columns. Thus, the preceding examples of matrices have
respective sizes 2 X 3,4 x 2,1 x 3, 2 x 1, and 2 x 2. A matrix is square if m = n, i.e., it
has the same number of rows as columns. A column vector is an m x 1 matrix, while a row
vector is a 1 x n matrix. As we shall see, column vectors are by far the more important
of the two, and the term “vector” without qualification will always mean “column vector”.
A 1 x 1 matrix, which has but a single entry, is both a row and a column vector.

The number that lies in the ith row and the jt® column of A is called the (i,j) entry
of A, and is denoted by a;;. The row index always appears first and the column index

second.” Two matrices are equal, A = B, if and only if they have the same size, say m x n,

and all their entries are the same: a;; = bij fori=1,...,mand j=1,...,n.
A general linear system of m equations in n unknowns will take the form
Ay &y + a1y + o ay, T, = by,
(g Ty + Qoo Ty + -+ + ay, T, = by,
(1.7)
Cpp1 Tq + Qoo+ -+ +a,,, T, =0b,,.

As such, it is composed of three basic ingredients: the m X n coefficient matriz A, with
Ly
Lo

entries a;; as in (1.6), the column vector x = : containing the unknowns, and

by Ty
by
the column vector b = . containing right-hand sides. In our previous example,

r+2y+z =2,
2x+6y+ 2z =7, the coefficient matrix A =
r+y+4z=23,
from the coefficients of the variables appearing in the equations; if a variable does not
x

appear in an equation, the corresponding matrix entry is 0. The vector x = | y | lists
z

can be filled in, entry by entry,

= N
— o N
>~ =

2
the variables, while the entries of b= | 7 | are the right-hand sides of the equations.
3

T In tensor analysis, [1], a sub- and super-script notation is adopted, with aé- denoting the (i, j)
entry of the matrix A. This has certain advantages, but, to avoid possible confusion with powers,
we shall stick with the simpler subscript notation throughout this text.
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Remark. We will consistently use bold face lower case letters to denote vectors, and
ordinary capital letters to denote general matrices.

Exercises

-2 0 1 3
1.2.1. Let A= (1 2 7 5). (a) What is the size of A? (b) What is its (2, 3) entry?
6 -6 -3 4

(c) (3,1) entry? (d) 15t row? (e) 22d column?

1.2.2. Write down examples of (a) a 3 x 3 matrix; (b) a 2 x 3 matrix; (¢) a matrix with 3 rows
and 4 columns; (d) a row vector with 4 entries; (e) a column vector with 3 entries;
(f) a matrix that is both a row vector and a column vector.

. . T +y Tr—z 1 0 ?
1.2.3. For which values of z,y, z, w are the matrices <y Tw x4 2w> and (2 1 equal?

1.2.4. For each of the systems in Exercise 1.1.1, write down the coefficient matrix A and the
vectors x and b.

1.2.5. Write out and solve the linear systems corresponding to the indicated matrix, vector of

: . (1 <1 (= _ (-1,
unknowns, and right-hand side. (a) A = (2 3), X = (y)’ b= (_3),

1 0 1 U —1 3 0 -1
(b)A_(l i o),x_(v),b_(l); <C)A_(2 o 0),
01 1 w 2 1 1 -3

Z 1 _
x:(xQ),b:(o); @az| 1012
T3 1

Matrix Arithmetic

. b=

E ne 8
Tl = O

Matrix arithmetic involves three basic operations: matrix addition, scalar multiplication,
and matriz multiplication. First we define addition of matrices. You are allowed to add
two matrices only if they are of the same size, and matrix addition is performed entry by

entry. For example,
1 2 3 =5 4 -3
(1 0)+(2 1)_(1 1>'

Therefore, if A and B are m x n matrices, their sum C' = A+ B is the m x n matrix whose
entries are given by Cij = Gy +bij fori=1,...,mand j =1,...,n. When defined, matrix
addition is commutative, A+ B = B + A, and associative, A+ (B+ C) = (A+ B) + C,
just like ordinary addition.

A scalar is a fancy name for an ordinary number — the term merely distinguishes it
from a vector or a matrix. For the time being, we will restrict our attention to real scalars
and matrices with real entries, but eventually complex scalars and complex matrices must
be dealt with. We will consistently identify a scalar ¢ € R with the 1 x 1 matrix (¢) in
which it is the sole entry, and so will omit the redundant parentheses in the latter case.
Scalar multiplication takes a scalar ¢ and an m x n matrix A and computes the m x n
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matrix B = ¢ A by multiplying each entry of A by ¢. For example,

(a0)-(50)

In general, b,; = ca,; for i = 1,...,m and j = 1,...,n. Basic properties of scalar
multiplication are summarized at the end of this section.

Finally, we define matrixz multiplication. First, the product of a row vector a and a
column vector x having the same number of entries is the scalar or 1 x 1 matrix defined
by the following rule:

Ty

T, n
ax=(a;ay...0,) | . [=az;+ayze+ - ta,z,= g ay, Ty, (1.8)

’ k=1

x

n

More generally, if A is an m X n matrix and B is an n X p matrix, so that the number of
columns in A equals the number of rows in B, then the matrix product C' = A B is defined
as the m x p matrix whose (i, j) entry equals the vector product of the ith row of A and
the jt® column of B. Therefore,

k=1

Note that our restriction on the sizes of A and B guarantees that the relevant row and
column vectors will have the same number of entries, and so their product is defined.

For example, the product of the coefficient matrix A and vector of unknowns x for our
original system (1.1) is given by

1 2 1 T r+2y+=z2
Ax=12 6 1 y|l=12x+6y+=z2
1 1 4 z r+y+4z

The result is a column vector whose entries reproduce the left-hand sides of the original
linear system! As a result, we can rewrite the system

Ax=Db (1.10)

as an equality between two column vectors. This result is general; a linear system (1.7)
consisting of m equations in n unknowns can be written in the matrix form (1.10), where A
is the m x n coefficient matrix (1.6), x is the n x 1 column vector of unknowns, and b is the
m %X 1 column vector containing the right-hand sides. This is one of the principal reasons
for the non-evident definition of matrix multiplication. Component-wise multiplication of
matrix entries turns out to be almost completely useless in applications.

Now, the bad news. Matrix multiplication is not commutative — that is, BA is not
necessarily equal to A B. For example, BA may not be defined even when A B is. Even if
both are defined, they may be different sized matrices. For example the product s = rc
of a row vector r, a 1 X n matrix, and a column vector ¢, an n x 1 matrix with the same
number of entries, is a 1 x 1 matrix, or scalar, whereas the reversed product C' = cr is an
n X n matrix. For instance,

(1 2)(3):3, whereas <g>(1 2):(8 g)
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In computing the latter product, don’t forget that we multiply the rows of the first matrix
by the columns of the second, each of which has but a single entry. Moreover, even if
the matrix products A B and B A have the same size, which requires both A and B to be
square matrices, we may still have AB # B A. For example,

12 01\ (-2 5 34\ [ 0 1\[1 2
G 2)=(3 )G 6)-(12)G 1)

On the other hand, matrix multiplication is associative, so A(BC') = (A B) C whenever
A has size m x n, B has size n X p, and C has size p X ¢; the result is a matrix of
size m x q. The proof of associativity is a tedious computation based on the definition of
matrix multiplication that, for brevity, we omit.” Consequently, the one difference between
matrix algebra and ordinary algebra is that you need to be careful not to change the order
of multiplicative factors without proper justification.

Since matrix multiplication acts by multiplying rows by columns, one can compute the

columns in a matrix product A B by multiplying the matrix A and the individual columns
of B. For example, the two columns of the matrix product

<1—1 2) g§_<14)
2 0 —2)\ | ] 8 6

are obtained by multiplying the first matrix with the individual columns of the second:

G (o) ¢ D))

In general, if we use b, to denote the k*h column of B, then
AB=A(b, b, ... b,)=(Ab, Ab, ... Ab,), (1.11)

indicating that the £t column of their matrix product is Ab,.

There are two important special matrices. The first is the zero matriz, all of whose
entries are 0. We use O,,,,, to denote the m x n zero matrix, often written as just O if the
size is clear from the context. The zero matrix is the additive unit, so A+ O =A=0+ A4
when O has the same size as A. In particular, we will use a bold face 0 to denote a column
vector with all zero entries, i.e., O

IxXn:
The role of the multiplicative unit is played by the square identity matriz
100 --- 00
610 --- 00
oo1 -~ 00
I=L,={. . . . ..
0o oo --- 10
000 --- 01

of size n x n. The entries along the main diagonal — which runs from top left to bottom
right — are equal to 1, while the off-diagonal entries are all 0. As you can check, if A is

T A much simpler — but more abstract proof can be found in Exercise 7.1.45.
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Basic Matriz Arithmetic

Matrix Addition: Commutativity A+B=B+ A
Associativity (A+B)+C=A+(B+0C)
Zero Matrix A+0=A=0+ A4
Additive Inverse A+(-A)=0, —A=(-1A
Scalar Multiplication: Associativity c(dA) = (cd)A
e c(A+ B)=(cA)+ (¢cB
Distributivity (i +d) A) _ ((c A))—i— ((d A))
Unit Scalar 1A=A
Zero Scalar 0A=0
Matrix Multiplication: Associativity (AB)C = A(BC)
N AB+C)=AB+ AC,
Distributivity (A(—i— B)C)’ —AC+BC,
Compatibility c(AB)=(cA)B=A(cB)
Identity Matrix Al =A=14
Zero Matrix AO=0, OA=0

any m X n matrix, then I A =A4= A1 . We will sometimes write the preceding equation
as just A = A = A1, since each matrix product is well-defined for exactly one size of
identity matrix.

The identity matrix is a particular example of a diagonal matriz. In general, a square
matrix A is diagonal if all its off-diagonal entries are zero: a;; = 0 for all i # j. We will
sometimes write D = diag (c,,...,¢,) for the n x n diagonal matrix with diagonal entries

1 0 0
d,; = ¢,. Thus, diag(1,3,0) refers to the diagonal matrix { 0 3 0 |, while the 4 x 4
0 0 0

(X3 (3

identity matrix can be written as

1 00 0
I, =diag(1,1,1,1) = 8 (1) (1) 8
000 1

Let us conclude this section by summarizing the basic properties of matrix arithmetic.
In the accompanying table, A, B, C are matrices; ¢, d are scalars; O is a zero matrix; and
I is an identity matrix. All matrices are assumed to have the correct sizes so that the
indicated operations are defined.

Exercises

1.2.6.(a) Write down the 5 x 5 identity and zero matrices. (b) Write down their sum and
their product. Does the order of multiplication matter?
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1 -1 3 6 0 3 2 3
1.2.7. Consider the matrices A = [ —1 4 —-2|, B= ( 4 9 71) , C=1-3 —4].
3 0 6 1 2
Compute the indicated combinations where possible. (a) 34 — B, (b) AB, (c) BA,

(d) (A+B)C, (e) A+BC, (f) A+2CB, (g) BCB—1, (h) A2—3A+1, (i) (B—1)(C+]1).

1.2.8. Which of the following pairs of matrices commute under matrix multiplication?

SRR T )

1 2 3 4
' ) . _ 5 6 7 8
1.2.9. List the diagonal entries of A = 9 10 11 12

13 14 15 16
1.2.10. Write out the following diagonal matrices: (a) diag (1,0,—1), (b) diag(2,—2,3,—3).

1.2.11. True or false: (a) The sum of two diagonal matrices of the same size is a diagonal
matrix. (b) The product is also diagonal.

© 1.2.12.(a) Show that if D = (COL g) is a 2 x 2 diagonal matrix with a # b, then the only

matrices that commute (under matrix multiplication) with D are other 2 x 2 diagonal

0 0 ¢
where a, b, ¢ are all different. (d) Answer the same question for the case when a # b = c.
(e) Prove that a matrix A commutes with an n x n diagonal matrix D with all distinct
diagonal entries if and only if A is a diagonal matrix.

1.2.13. Show that the matrix products AB and B A have the same size if and only if A and B
are square matrices of the same size.

a 0 0
matrices. (b) What if a = b7 (¢) Find all matrices that commute with D = (0 b 0) ,

0 1
1.2.15.(a) Show that, if A, B are commuting square matrices, then (4 4+ B)? = A2 + 2AB + B®.
(b) Find a pair of 2 x 2 matrices A, B such that (A + B)? # A% + 2AB + B2

1.2.14. Find all matrices B that commute (under matrix multiplication) with A = (1 2).

1.2.16. Show that if the matrices A and B commute, then they necessarily are both square and
the same size.

1.2.17. Let A be an m x n matrix. What are the permissible sizes for the zero matrices
appearing in the identities AO = O and O A = O?

1.2.18. Let A be an m X n matrix and let ¢ be a scalar. Show that if cA = O, then either ¢ =0
or A=0.

1.2.19. True or false: If AB = O then either A =0 or B = O.

1.2.20. True or false: If A, B are square matrices of the same size, then
A? -~ B*=(A+ B)(A-B).

1.2.21. Prove that Av = O for every vector v (with the appropriate number of entries) if and
only if A = O is the zero matrix. Hint¢: If you are stuck, first try to find a proof when A is
a small matrix, e.g., of size 2 x 2.

1.2.22.(a) Under what conditions is the square A2 of a matrix defined? (b) Show that A and
A2 commute. (¢) How many matrix multiplications are needed to compute A™?

1.2.23. Find a nonzero matrix A # O such that A% =0.

{ 1.2.24. Let A have a row all of whose entries are zero. (a) Explain why the product A B also
has a zero row. (b) Find an example where B A does not have a zero row.
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1.2.25.(a) Find all solutions X = <§ ;j) to the matrix equation AX = I when
( > ) Find all solutions to X A = I. Are they the same?
1.2.26.(a) Find all solutions X = <i g) to the matrix equation AX = B when
A= ( ) and B = <_1 ?) (b) Find all solutions to X A = B. Are they the same?

1.2.27.(a) Find all solutions X = <§ 3)) to the matrix equation AX = X B when

1 0 3 0
that the matrix equation A X = X B has a nonzero solution X # O7

A= (_1 2) and B = (0 ! ) (b) Can you find a pair of nonzero matrices A # B such

1.2.28. Let A be a matrix and c a scalar. Find all solutions to the matrix equation cA = 1.

{ 1.2.29. Let e be the 1 x m row vector all of whose entries are equal to 1. (a) Show that if
A is an m X n matrix, then the ith entry of the product v = e A is the j%h column sum

of A, meaning the sum of all the entries in its j*® row. (b) Let W denote the m x m
matrix whose diagonal entries are equal to 1 ;nm and whose off-diagonal entries are all

equal to 7}1 . Prove that the column sums of B = W A are all zero. (¢) Check both results

1 2 -1
when A = ( 2 1 3) . Remark. If the rows of A represent experimental data
-4 5 -1

values, then the entries of 711 e A represent the means or averages of the data values, while
B = W A corresponds to data that has been normalized to have mean 0; see Section 8.8.

© 1.2.30. The commutator of two matrices A, B, is defined to be the matrix
C=[AB]=AB-BA. (1.12)
(a) Explain why [ A, B] is defined if and only if A and B are square matrices of the
same size. (b) Show that A and B commute under matrix multiplication if and only if
[A,B]=0. (c) Compute the commutator of the following matrices:

o (1 9 (3 8)a (s )5 T) G (2 é %)(é § —z);

(d) Prove that the commutator is (i) Bilinear: [cA+dB,C] = ¢[A,C]+d[B,C]
and [A,¢cB+dC] = c[A,B] + d[A,C] for any scalars ¢, d; (ii) Skew-symmetric:
[A,B]=—[B,A]; (i) satisfies the the Jacobi identity:

[[AvBLO} +HC7A]7B} +[[B,C],A] =0,
for any square matrices A, B, C' of the same size.

Remark. The commutator plays a very important role in geometry, symmetry, and
quantum mechanics. See Section 10.4 as well as [54, 60, 93] for further developments.

& 1.2.31. The trace of a n x n matrix A € M, ., is defined to be the sum of its diagonal entries:

Xn

1 3 2
trA=ay;+agy,+---+a,,. (a) Compute the trace of (7) (% _il))), () (:411 g _1)
(b) Prove that tr(A+ B) = tr A+ tr B. (¢) Prove that tr(AB) = tr(BA). (d) Prove that
the commutator matrix C' = AB — B A has zero trace: trC' = 0. (e) Is part (c) valid if A
has size m x n and B has size n x m? (f) Prove that tr(ABC) = tr(CAB) = tr(BCA).
On the other hand, find an example where tr(ABC') # tr(ACB).
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& 1.2.32. Prove that matrix multiplication is associative: A (BC) = (AB)C when defined.

{ 1.2.33. Justify the following alternative formula for multiplying a matrix A and a column
vector x:
Ax=2,¢c) +x9Cy + -+ +x,Cp, (1.13)
where cq,...,c, are the columns of A and xz,...,x, the entries of x.

© 1.2.34. The basic definition of matrix multiplication A B tells us to multiply rows of A by
columns of B. Remarkably, if you suitably interpret the operation, you can also compute
A B by multiplying columns of A by rows of B! Suppose A is an m X n matrix with columns
Cy,...,C,. Suppose B is an nm x p matrix with rows ry,...,r . Then we claim that

AB=cri+cgry+ -+ +c,1r,, (1.14)
where each summand is a matrix of size m x p. (a) Verify that the particular case

1 2\ (/0 -1\ _ (1 2 (0 —1 4 6\ _ (4 5
(53 5)=()o (e 9= 5) (2 8)=(55)
agrees with the usual method for computing the matrix product. (b) Use this method to

2 5
. . -2 1 1 -2 . 1 -2 0
compute the matrix products (1) ( 3 2) (1 O)’ (i1) (_3 1 2) (—? _(i) ,

3 —1 1 2 3 0
(i17) | —1 2 1 3 —1 4 |, and verify that you get the same answer as that
1 1 -5 0 4 1

obtained by the traditional method. (¢) Explain why (1.13) is a special case of (1.14).
(d) Prove that (1.14) gives the correct formula for the matrix product.

© 1.2.35. Matriz polynomials. Let p(z) = ¢, 2" + ¢,,_ L R ¢, T + ¢y be a polynomial
function. If A is a square matrix, we define the corresponding matriz polynomial p(A) =
e, A" 4,y A4 ¢y A+ ¢y I; the constant term becomes a scalar multiple of the
identity matrix. For instance, if p(z) = 2? —2x+3, then p(4) = A2—2A4+3 1. (a) Write out
the matrix polynomials p(A), g(A) when p(z) = 2?3z +2, q(z) = 227 4+ 1. (b) Evaluate
p(A) and g(A) when A = (_1 _%
matrix polynomial corresponding to the product polynomial r(z) = p(x) q(z). (d) True or
false: If B = p(A) and C' = ¢(A), then BC = C B. Check your answer in the particular
case of part (b).

). (¢) Show that the matrix product p(A)q(A) is the

C D
respective sizes i X k, i X [, j X k, j x I. (a) What is the size of M? (b) Write out the

1 1 1 1 1 3
block matrix M when A = , B = , C=1-2|,D=1[2 0].
3 0 1 1 1 1

(¢) Show that if N = (g %) is a block matrix whose blocks have the same size as those

© 1.2.36. A block matriz has the form M = (A B) in which A, B, C, D are matrices with

A+P B+Q
C+R D+58

X Y
zZ W
MP:(AX+BZ AY + BW

CX+DZ CY+DW
a compatible block matrix P for the matrix M in part (b). Then validate the block matrix
product identity of part (d) for your chosen matrices.

of M, then M + N = ( ) , i.e., matrix addition can be done in blocks.

(d) Show that if P = ( ) has blocks of a compatible size, the matrix product is

>. Explain what “compatible” means. (e) Write down
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© 1.2.37. The matrix S is said to be a square root of the matrix A if S = A. (a) Show that

S = ;) _i) is a square root of the matrix A = (é 2) Can you find another square
root of A? (b) Explain why only square matrices can have a square root. (c¢) Find all real

square roots of the 2 x 2 identity matrix I = (é (1)> (d) Does —1 = (_(1) _?) have a

real square root?

1.3 Gaussian Elimination — Regular Case

With the basic matrix arithmetic operations in hand, let us now return to our primary
task. The goal is to develop a systematic method for solving linear systems of equations.
While we could continue to work directly with the equations, matrices provide a convenient
alternative that begins by merely shortening the amount of writing, but ultimately leads
to profound insight into the structure of linear systems and their solutions.

We begin by replacing the system (1.7) by its matrix constituents. It is convenient to
ignore the vector of unknowns, and form the augmented matrixz

ayp Q2 A1p by
a a coe Gy, b

M=(Alb)=| 2 2 T, (1.15)
Gppi Qo v Gy b,,

which is an m X (n + 1) matrix obtained by tacking the right-hand side vector onto the
original coefficient matrix. The extra vertical line is included just to remind us that the
last column of this matrix plays a special role. For example, the augmented matrix for the
system (1.1), i.e.,

r+2y+z2=2, 1 2 1 )
20 +6y+2=17, is M=12 6 1 7. (1.16)
r+y+4z=23, 1 1 4 3

Note that one can immediately recover the equations in the original linear system from
the augmented matrix. Since operations on equations also affect their right-hand sides,
keeping track of everything is most easily done through the augmented matrix.

For the time being, we will concentrate our efforts on linear systems that have the same
number, n, of equations as unknowns. The associated coefficient matrix A is square, of
size n x n. The corresponding augmented matrix M = (A | b) then has size n x (n+ 1).

The matrix operation that assumes the role of Linear System Operation #1 is:

Elementary Row Operation #1:

Add a scalar multiple of one row of the augmented matrix to another row.

For example, if we add — 2 times the first row of the augmented matrix (1.16) to the second
row, the result is the row vector
—2(1212)+(2617)=(02 —1 3).
The result can be recognized as the second row of the modified augmented matrix
12 1|2
02 -1 13 (1.17)
11 4|3
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that corresponds to the first equivalent system (1.2). When elementary row operation #1
is performed, it is critical that the result replaces the row being added to — not the row
being multiplied by the scalar. Notice that the elimination of a variable in an equation —
in this case, the first variable in the second equation — amounts to making its entry in the
coefficient matrix equal to zero.

We shall call the (1,1) entry of the coefficient matrix the first pivot. The precise
definition of pivot will become clear as we continue; the one key requirement is that a
pivot must always be nonzero. Eliminating the first variable z from the second and third
equations amounts to making all the matrix entries in the column below the pivot equal to
zero. We have already done this with the (2,1) entry in (1.17). To make the (3,1) entry
equal to zero, we subtract (that is, add —1 times) the first row from the last row. The
resulting augmented matrix is

which corresponds to the system (1.3). The second pivot is the (2,2) entry of this matrix,

which is 2, and is the coefficient of the second variable in the second equation. Again, the

pivot must be nonzero. We use the elementary row operation of adding é of the second

row to the third row to make the entry below the second pivot equal to 0; the result is the
augmented matrix

1 2 1 2

N=|0 2 -1 3

00 3

1.

that corresponds to the triangular system (1.4). We write the final augmented matrix as

1 2 1 2
N=(U]c), where =10 2 -1/, c=13
00 3 5
The corresponding linear system has vector form
Ux =c. (1.18)

Its coefficient matrix U is upper triangular, which means that all its entries below the
main diagonal are zero: u,; = 0 whenever ¢ > j. The three nonzero entries on its diagonal,
1,2, g, including the last one in the (3,3) slot, are the three pivots. Once the system has
been reduced to triangular form (1.18), we can easily solve it by Back Substitution.

The preceding algorithm for solving a linear system of n equations in n unknowns is
known as regular Gaussian Elimination. A square matrix A will be called regular’ if the
algorithm successfully reduces it to upper triangular form U with all non-zero pivots on the
diagonal. In other words, for regular matrices, as the algorithm proceeds, each successive
pivot appearing on the diagonal must be nonzero; otherwise, the matrix is not regular.
We then use the pivot row to make all the entries lying in the column below the pivot
equal to zero through elementary row operations. The solution is found by applying Back
Substitution to the resulting triangular system.

t Strangely, there is no commonly accepted term to describe this kind of matrix. For lack of a
better alternative, we propose to use the adjective “regular” in the sequel.
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Gaussian Elimination — Regular Case

start
for j=1ton
if my;
else for i=3j+4+1 to n

=0, stop; print “A is not regular”

set [, =m;;/m;;
add —[;; times row j of M to row i of M
next 1%
next j

end

Let us state this algorithm in the form of a program, written in a general “pseudocode”
that can be easily translated into any specific language, e.g., C++, FORTRAN, JAVA,
MAPLE, MATHEMATICA, MATLAB. In accordance with the usual programming conven-
tion, the same letter M = (m,;) will be used to denote the current augmented matrix at
each stage in the computation, keeping in mind that its entries will change as the algorithm
progresses. We initialize M = (A | b ) The final output of the program, assuming A is
regular, is the augmented matrix M = (U | c), where U is the upper triangular matrix
whose diagonal entries are the pivots, while c is the resulting vector of right-hand sides in
the triangular system Ux = c.

For completeness, let us include the pseudocode program for Back Substitution. The
input to this program is the upper triangular matrix U and the right-hand side vector c that
results from the Gaussian Elimination pseudocode program, which produces M = (U | c )
The output of the Back Substitution program is the solution vector x to the triangular
system Ux = ¢, which is the same as the solution to the original linear system Ax = b.

Back Substitution

start
set z, =c,/u,,
for i=n—1 to 1 with increment —1
i+1

1
set z, = c; — E Ui T
27 .721

next j

end

Exercises

1.3.1. Solve the following linear systems by Gaussian Elimination. (a) (% _;> (i) = <7>,
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2 1 2 U 3
p (6 LY (v)= (%), c(—l 33)(1}):(—2),
()(3 *2>(> (5) (©) -3 0) \w 7
5 3 -1 9 1 1 -1 p 0
o (1)) o (24 30)-0)
1 1 1 -1 -1 3 5
) y

-1 1 1 o0 1 2 -3 1 1
0 1 -1 -2 -1

=1 @3 2 1 2
0 1 3 2 1) \w

9 1 0 1
Ol 1 o 2 3
0 1 -1 -2/ \d

1.3.2. Write out the augmented matrix for the following linear systems. Then solve the system
by first applying elementary row operations of type #1 to place the augmented matrix in
upper triangular form, followed by Back Substitution.

WUt oO =

r—2y+2=0,
xy + 7wy =4, 3z—bw=—1, Y
(a) 9. — Qg =9 (b) : . (c) 2y — 8z = 8,
b Frw=s 4o 15y +9z=—9.
Ty — 229 = —1, — 3y — =2
p+4g—2r=1, 1 3 r+dy—z+w
(d) —92p—3r=—7 (6) IE2—$4:2, (f) r—y+3z—w=0,
p ) —3x5 +2x5 =0, y—z+4w =71,
3p—2q+2r=-L
—dzy + Ty = =5 doe —y+2=>5.

1.3.3. For each of the following augmented matrices write out the corresponding linear system
of equations. Solve the system by applying Gaussian Elimination to the augmented matrix.

2 -1 0 0 0
1 2 0 -3
3 2 2 —1 2 -1 0 1
(a) <74 -3 ’ 71>7 (b) <_; 3 7;) _(15), (C‘) 0 —1 9 1 1
0 0 -1 2 0

1.3.4. Which of the following matrices are regular?  (a) <2 L ), (b) (O -1 ),

14 3 9
3 —2 1 1 -2 3 _13:?3
@ =1 2 =3|, @/|-2 4 -1, (o
3 -2 5 3 -1 2 3 3 -6 1
2 3 -3 5

1.3.5. The techniques that are developed for solving linear systems are also applicable to
systems with complex coefficients, whose solutions may also be complex. Use Gaussian
Elimination to solve the following complex linear systems.

iz+(1—1)z =21,
(b) 2iy+(1+1)z=2,
—z+2iy+iz=1-2i.
I+i)z+iy+(2+2i)z=0,
(d) (I—-i)z+2y+iz=0,
(3-3i)z+iy+(3—11i)z=6.
1.3.6.(a) Write down an example of a system of 5 linear equations in 5 unknowns with regular

diagonal coefficient matrix. (b) Solve your system. (¢) Explain why solving a system
whose coefficient matrix is diagonal is very easy.

(a) —iml—}—'(l—l— i)z, = —1,.
(I—-i)zy +zy =—31.
1-1)x+2y=1i,

© a4 i)y=-1.

1.3.7. Find the equation of the parabola y = az? + bx + c that goes through the points
(1’ 6)7 (27 4)7 and (3’ 0)

{ 1.3.8. A linear system is called homogeneous if all the right-hand sides are zero, and so takes

the matrix form Ax = 0. Explain why the solution to a homogeneous system with regular
coefficient matrix is x = 0.
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1.3.9. Under what conditions do two 2 x 2 upper triangular matrices commute?

1.3.10. A matrix is called lower triangular if all entries above the diagonal are zero. Show that
a matrix is both lower and upper triangular if and only if it is a diagonal matrix.

$ 1.3.11. A square matrix is called strictly lower (upper) triangular if all entries on or above
(below) the main diagonal are 0. (a) Prove that every square matrix can be uniquely
written as a sum A = L + D + U, with L strictly lower triangular, D diagonal, and U
3 1 -1
strictly upper triangular. (b) Decompose A = 1 —4 2 | in this manner.
-2 0 5

$ 1.3.12. A square matrix N is called nilpotent if N* = O for some k > 1.

0 1 2
(a) Show that N = (O 0 1) is nilpotent. (b) Show that every strictly upper triangular
0 00

matrix, as defined in Exercise 1.3.11, is nilpotent. (¢) Find a nilpotent matrix which is
neither lower nor upper triangular.

$ 1.3.13. A square matrix W is called unipotent if N = W — T is nilpotent, as in Exercise 1.3.12,

so (W — 1)¥ = O for some k > 1. (a) Show that every lower or upper triangular matrix is
unipotent if and only if it is unitriangular, meaning its diagonal entries are all equal to 1.
(b) Find a unipotent matrix which is neither lower nor upper triangular.

1.3.14. A square matrix P is called idempotent if P? = P. (a) Find all 2 x 2 idempotent upper
triangular matrices. (b) Find all 2 X 2 idempotent matrices.

Elementary Matrices

A key observation is that elementary row operations can, in fact, be realized by matrix
multiplication. To this end, we introduce the first type of “elementary matrix”. (Later we
will meet two other types of elementary matrix, corresponding to the other two kinds of
elementary row operation.)

Definition 1.1. The elementary matriz associated with an elementary row operation for
m-rowed matrices is the m x m matrix obtained by applying the row operation to the
m X m identity matrix I, .

For example, applying the elementary row operation that adds — 2 times the first row to

1 00
the second row of the 3 x 3 identity matrix I = | 0 1 0 | results in the corresponding
0 0 1
1 00
elementary matrix £; = | —2 1 0 |. We claim that, if A is any 3-rowed matrix, then
0 0 1

multiplying F, A has the same effect as the given elementary row operation. For example,

1 0 0 1 21 1 2 1
-2 1 0 26 1|=(0 2 -1],
0 0 1 1 1 4 11 4

which you may recognize as the first elementary row operation we used to solve our
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illustrative example. If we set

100 100 100
E=-210), E=| 010, E=([010], (1.19)
0 0 1 -1 0 1 0 5 1

then multiplication by E; will subtract twice the first row from the second row, multipli-
cation by E, will subtract the first row from the third row, and multiplication by E; will
add ; the second row to the third row — precisely the row operations used to place our
original system in triangular form. Therefore, performing them in the correct order, we
conclude that when

1 2 1 1 2 1
A=[2 6 1], then E,E,E,A=U=[0 2 -1]|. (1.20)
1 1 4 00 2

2

The reader is urged to check this by directly multiplying the indicated matrices. Keep in
mind that the associative property of matrix multiplication allows us to compute the above
matrix product in any convenient order:

E;E, By A= E;(Ey (B, A)) = (B3 Ey) Ey) A= (Es(Ey Ey)) A= (EyEy) (B, A) = -+

making sure that the overall left to right order of the matrices is maintained, since the
matrix products are usually not commutative.

In general, then, an m x m elementary matriz E of the first type will have all 1’s on the
diagonal, one nonzero entry ¢ in some off-diagonal position (7, ), with 4 # j, and all other
entries equal to zero. If A is any m X n matrix, then the matrix product E A is equal to
the matrix obtained from A by the elementary row operation adding ¢ times row j to row
i. (Note that the order of ¢ and j is reversed.)

To undo the operation of adding ¢ times row j to row i, we must perform the inverse
row operation that subtracts ¢ (or, equivalently, adds —c¢) times row j from row i. The
corresponding inverse elementary matriz again has 1’s along the diagonal and —c¢ in the
(1,7) slot. Let us denote the inverses of the particular elementary matrices (1.19) by L,
so that, according to our general rule,

1 0 0 100 1 0 0
L,=(2 1 0], Ly=(0 1 0], L,=10 10 (1.21)
001 101 0 -5 1
Note that the products
LB, =L,E,=LE,=1 (1.22)

yield the 3 x 3 identity matrix, reflecting the fact that the matrices represent mutually
inverse row operations. (A more thorough discussion of matrix inverses will be postponed
until Section 1.5.)

The product of the latter three elementary matrices (1.21) is equal to

1 00
L=LLyLy=1|2 1 0 (1.23)
1 -1 1

The matrix L is called a lower unitriangular matrix, where “lower triangular” means that
all the entries above the main diagonal are 0, while “uni-”, which is short for “unipotent”
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as defined in Exercise 1.3.13, imposes the requirement that all the entries on the diag-
onal are equal to 1. Observe that the entries of L below the diagonal are the same as
the corresponding nonzero entries in the L,. This is a general fact that holds when the
lower triangular elementary matrices are multiplied in the correct order. More generally,
the following elementary consequence of the laws of matrix multiplication will be used
extensively.

Lemma 1.2. If L and L are lower triangular matrices of the same size, so is their product
LL. If they are both lower unitriangular, so is their product. Slmllarly, if U, U are upper
(uni)triangular matrices, so is their product UU.

The LU Factorization

We have almost arrived at our first important result. Let us compute the product of the
matrices L and U in (1.20), (1.23). Using associativity of matrix multiplication, equa-
tions (1.22), and the basic property of the identity matrix I, we conclude that

LU = (Ly Ly Ly) (B3 Ey By A) = Ly Ly (Ly Ey) By By A = Ly Ly LE, By A
=L,(LyEy)E\A=L1EA= (L E))A=T1A= A

In other words, we have factored the coefficient matrix A = LU into a product of a lower
unitriangular matrix L and an upper triangular matrix U with the nonzero pivots on its
main diagonal. By similar reasoning, the same holds true for any regular square matrix.

Theorem 1.3. A matrix A is regular if and only if it can be factored
A=LU, (1.24)

where L is a lower unitriangular matrix, having all 1’s on the diagonal, and U is upper
triangular with nonzero diagonal entries, which are the pivots of A. The nonzero off-
diagonal entries [;; for ¢ > j appearing in L prescribe the elementary row operations that
bring A into upper triangular form; namely, one subtracts /;; times row j from row ¢ at
the appropriate step of the Gaussian Elimination process.

In practice, to find the LU factorization of a square matrix A, one applies the regular
Gaussian Elimination algorithm to reduce A to its upper triangular form U. The entries
of L can be filled in during the course of the calculation with the negatives of the multiples
used in the elementary row operations. If the algorithm fails to be completed, which
happens whenever zero appears in any diagonal pivot position, then the original matrix is
not regular, and does not have an LU factorization.

2 1 1
Example 1.4. Let us compute the LU factorization of the matrix A = | 4 5 2
2 =20

Applying the Gaussian Elimination algorithm, we begin by adding —2 times the first row
to the second row, and then adding —1 times the first row to the third. The result is the

2 1 1

matrix | 0 3 0 |. The next step adds the second row to the third row, leading to the
0 -3 -1 9 1 1

upper triangular matrix U = [ 0 3 0 |, whose diagonal entries are the pivots. The

0 0 -1
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1 0 0
corresponding lower triangular matrix is L = [ 2 1 0 ]; its entries lying below the
1 -1 1

main diagonal are the negatives of the multiples we used during the elimination procedure.
For instance, the (2,1) entry indicates that we added —2 times the first row to the second
row, and so on. The reader might wish to verify the resulting factorization

2 11 1 0 0 2 1 1

4 5 2| =A=LU=|[2 1 0 03 0

2 —2 0 1 -1 1 00 —1
Exercises

1.3.15. What elementary row operations do the following matrices represent? What size
matrices do they apply to?

1 0 O 0

1 0 0 1 0 O
o o 010 -3
WG Do al ) a(prt)eltit

1.3.16. Write down the elementary matrix corresponding to the following row operations on
4 x 4 matrices: (a) Add the third row to the fourth row. (b) Subtract the fourth row
from the third row. (c) Add 3 times the last row to the first row. (d) Subtract twice the
second row from the fourth row.

1.3.17. Compute the product L Ly L, of the elementary matrices (1.21). Compare your
answer with (1.23).

1.3.18. Determine the product E5 E, E; of the elementary matrices in (1.19). Is this the same
as the product E,| Ey E3? Which is easier to predict?

1.3.19.(a) Explain, using their interpretation as elementary row operations, why elementary

matrices do not generally commute: EE # E E. (b) Which pairs of the elementary
matrices listed in (1.19) commute? (¢) Can you formulate a general rule that tells in
advance whether two given elementary matrices commute?

1.3.20. Determine which of the following 3 x 3 matrices is (¢) upper triangular, (iz) upper
unitriangular, (4¢) lower triangular, and/or (iv) lower unitriangular:

1 2 0 1 0 0 1 0 0 1 0 0 0 0 O
@ [0 3 2] ®m|o10| @]|[200] @]o 10| ]|03 1]
0 0 -2 0 0 1 0 3 3 1 -4 1 0 1 0
. .. . . 1 3 1 3
1.3.21. Find the LU factorization of the following matrices: (a) (_1 0), (b) <3 1),
-1 1 -1 2 0 3 —1 0 0 1 0 -1
@ 11 1|, @|1 31|, @] 2 =30, O] 23 2],
-1 1 2 0 1 1 1 3 2 -3 1 0
1 0 -1 0 1 1 -2 3 2 1 3 1
0 2 -1 -1 -1 2 3 0 1 4 0 1
@11 3 o 2f Wl a1 1 2f D]30 22
0 1 2 1 3 0 1 5 1 1 2 2
1

2 — 0 1 0 0 2 -1 0
1.3.22. Given the factorization A = | —6 4 -1 =1-3 1 0 0 1 -1,

4 -6 7 2 -4 1)\0 0 3

explain, without computing, which elementary row operations are used to reduce A to
upper triangular form. Be careful to state the order in which they should be applied. Then
check the correctness of your answer by performing the elimination.
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1.3.23.(a) Write down a 4 x 4 lower unitriangular matrix whose entries below the diagonal
are distinct nonzero numbers. (b) Explain which elementary row operation each entry
corresponds to. (c¢) Indicate the order in which the elementary row operations should be
performed by labeling the entries 1,2,3,....

& 1.3.24. Let tq,t,,... be distinct real numbers. Find the LU factorization of the following
1 1 1 1

L1 t, ty tg t
. 1 1 1 2 3 M
Vandermonde matrices: (a) , (b)) [t ta t3 ], () | ,2 .2 ,2 ,2
t 1y 2 2 2 ty ty 13 1
t ty 13 3 ,3 .3 3
8o 68 4
Can you spot a pattern? Test your conjecture with the 5 x 5 Vandermonde matrix.
1.3.25. Write down the explicit requirements on its entries a; j for a square matrix A to be
(a) diagonal, (b) upper triangular, (¢) upper unitriangular, (d) lower triangular,
(e) lower unitriangular.
{ 1.3.26.(a) Explain why the product of two lower triangular matrices is lower triangular.
(b) What can you say concerning the diagonal entries of the product of two lower

triangular matrices? (¢) Explain why the product of two lower unitriangular matrices is
also lower unitriangular.

1.3.27. True or false: If A has a zero entry on its main diagonal, it is not regular.

1.3.28. In general, how many elementary row operations does one need to perform in order to
reduce a regular n X n matrix to upper triangular form?

1.3.29. Prove that if A is a regular 2 x 2 matrix, then its LU factorization is unique. In other
words, if A= LU = LU where L, L are lower unitriangular and U, U are upper triangular,
then L=L and U =1T. (The general case appears in Proposition 1.30.)

0 1

1 0

{ 1.3.31. Suppose A is regular. (a) Show that the matrix obtained by multiplying each column
of A by the sign of its pivot is also regular and, moreover, has all positive pivots.
(b) Show that the matrix obtained by multiplying each row of A by the sign of its pivot is

{ 1.3.30. Prove directly that the matrix A = ( ) does not have an LU factorization.

also regular and has all positive pivots. 9 2 1
(c) Check these results in the particular case A = ( 1 01 ) .
4 2 3

Forward and Back Substitution

Knowing the LU factorization of a regular matrix A enables us to solve any associated
linear system Ax = b in two easy stages:
(1) First, solve the lower triangular system

Lc=b (1.25)

for the vector ¢ by Forward Substitution. This is the same as Back Substitution, except
one solves the equations for the variables in the direct order — from first to last. Explicitly,

i—1
¢, = by, ¢ =b — Z Lijcjs for  i=2,3,...,n, (1.26)
j=1
noting that the previously computed values of ¢,,...,c,_; are used to determine c;.

(2) Second, solve the resulting upper triangular system

Ux=c (1.27)
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by Back Substitution. The values of the unknowns

n
. Cn _ 1 s

x, = o l‘i—u“. ¢ — j;l ;| for i=n-—1,...,2,1, (1.28)

are successively computed, but now in reverse order. It is worth pointing out that the

requirement that each pivot be nonzero, u,; # 0, is essential here, as otherwise we would

not be able to solve for the corresponding variable z,.

Note that the combined algorithm does indeed solve the original system, since if

Ux=c and Lc=Db, then Ax=LUx=Lc=h.

Example 1.5. With the LU decomposition

2 1 1 1 0 0 2 1 1
4 5 2|1 =12 10 0 3 0
2 -2 0 1 -1 1 0 0 -1

found in Example 1.4, we can readily solve any linear system with the given coefficient
matrix by Forward and Back Substitution. For instance, to find the solution to

2 1 1\ (= 1
4 5 2| lyl=1|2],
2 -2 0/ \ =z 2

we first solve the lower triangular system

1 0 0\ [a 1 a =1
2 1 0 bl=12], or, explicitly, 2a+b =2,
L =11 ¢ 2 a—b+c=2.

The first equation says a = 1; substituting into the second, we find b = 0; the final equation
yields ¢ = 1. We then use Back Substitution to solve the upper triangular system

2 1 1 T a 1 2e+y+z=1,
0 3 0 yl=1b]l=10], which is 3y =0,
00 -1/ \z c 1 L1

We find z = —1, then y = 0, and then x = 1, which is indeed the solution.

Thus, once we have found the LU factorization of the coefficient matrix A, the Forward
and Back Substitution processes quickly produce the solution to any system Ax = b.
Moreover, they can be straightforwardly programmed on a computer. In practice, to solve
a system from scratch, it is just a matter of taste whether you work directly with the
augmented matrix, or first determine the LU factorization of the coefficient matrix, and
then apply Forward and Back Substitution to compute the solution.

Exercises

1.3.32. Given the LU factorizations you calculated in Exercise 1.3.21, solve the associated
linear systems Ax = b, where b is the column vector with all entries equal to 1.
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1.3.33. In each of the following problems, find the A = LU factorization of the coefficient
matrix, and then use Forward and Back Substitution to solve the corresponding linear
systems Ax =b : for each of the indicated right-hand sides:

3 (1 (2 (0
) o= () = (3) = (3)
1 -1 1 -3

1 1], by={-1], by=| 0]
12 1 2

~1
3

~1

1

-1

9

—6

2

20 3 4

3 40 5|, b =
4

1

0

~1

0

1

4

-8

—4

h:-
I

:J>.
I
/ﬂ/—\/—\

1 0 0
) A= 0], by={1], bg=1{0].
5 6.0 0 0 1
0 -1 0 1 0
2 3 -1 0 =1
3 2 2P| b= of
-1 2 1 1 1
-2 0 2 1 3 2
B 1 -1 -1 o 0 3
(f) A= 12 1Tl Pem o] PeT |
-1 1 2 0 2 1

1.4 Pivoting and Permutations

The method of Gaussian Elimination presented so far applies only to regular matrices.

But not every square matrix is regular; a simple class of examples is matrices whose upper

left, i.e., (1,1), entry is zero, and so cannot serve as the first pivot. More generally, the

algorithm cannot proceed whenever a zero entry appears in the current pivot position on

the diagonal. What then to do? The answer requires revisiting the source of the method.
Consider, as a specific example, the linear system

2y + 2z =2,
20+ 6y +2=1, (1.29)
r+y+4z=3.
The augmented coefficient matrix is
2

7
3

=N O
— O N
> =

In this case, the (1, 1) entry is 0, and so is not a legitimate pivot. The problem, of course,
is that the first variable x does not appear in the first equation, and so we cannot use it
to eliminate x in the other two equations. But this “problem” is actually a bonus — we
already have an equation with only two variables in it, and so we need to eliminate = from
only one of the other two equations. To be systematic, we rewrite the system in a different
order,

2046y +2=7,

2+ 2 =2,

r+y+4z=23,
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by interchanging the first two equations. In other words, we employ

Linear System Operation 772: IO IdiEtacRa e e|iiale)ih

Clearly, this operation does not change the solution and so produces an equivalent linear
system. In our case, the augmented coefficient matrix,

6 1|7
2 1| 2],
1 4|3

= O N

can be obtained from the original by performing the second type of row operation:

ISt i 0)e1s e intot=-28 ]  Interchange two rows of the matrix.

The new nonzero upper left entry, 2, can now serve as the first pivot, and we may
continue to apply elementary row operations of type #1 to reduce our matrix to upper
triangular form. For this particular example, we eliminate the remaining nonzero entry in
the first column by subtracting % the first row from the last:

S O N
NN O

1
1
7
2

0= R ~1

The (2, 2) entry serves as the next pivot. To eliminate the nonzero entry below it, we add
the second to the third row:

2 6 1 7
0 2 1 2
9 3
00 3 5
We have now placed the system in upper triangular form, with the three pivots 2,2, and

g along the diagonal. Back Substitution produces the solution x = 2, Yy = 2, z= é

The row interchange that is required when a zero shows up in the diagonal pivot position
is known as pivoting. Later, in Section 1.7, we will discuss practical reasons for pivoting
even when a diagonal entry is nonzero. Let us distinguish the class of matrices that can be
reduced to upper triangular form by Gaussian Elimination with pivoting. These matrices
will prove to be of fundamental importance throughout linear algebra.

Definition 1.6. A square matrix is called nonsingular if it can be reduced to upper tri-
angular form with all non-zero elements on the diagonal — the pivots — by elementary
row operations of types 1 and 2.

In contrast, a singular square matrix cannot be reduced to such upper triangular form
by such row operations, because at some stage in the elimination procedure the diagonal
entry and all the entries below it are zero. Every regular matrix is nonsingular, but, as
we just saw, not every nonsingular matrix is regular. Uniqueness of solutions is the key
defining characteristic of nonsingularity.

Theorem 1.7. A linear system Ax = b has a unique solution for every choice of right-
hand side b if and only if its coefficient matrix A is square and nonsingular.

We are able to prove the “if” part of this theorem, since nonsingularity implies reduction
to an equivalent upper triangular form that has the same solutions as the original system.
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The unique solution to the system is then found by Back Substitution. The “only if” part
will be proved in Section 1.8.

The revised version of the Gaussian Elimination algorithm, valid for all nonsingular co-
efficient matrices, is implemented by the accompanying pseudocode program. The starting
point is the augmented matrix M = (A | b) representing the linear system Ax = b.
After successful termination of the program, the result is an augmented matrix in upper
triangular form M = (U | c) representing the equivalent linear system Ux = c. One then
uses Back Substitution to determine the solution x to the linear system.

Gaussian Elimination — Nonsingular Case

start
for j=1ton
if my; = 0 for all k> j, stop; print “A is singular”
if m;; =0 but my; # 0 for some k> j, switch rows k and j
for i=754+1 ton
set l;; =m;;/m,;
add —1[;; times row j to row ¢ of M
next 1
next j

end

Remark. When performing the algorithm using exact arithmetic, when pivoting is re-
quired it does not matter which row k one chooses to switch with row j, as long as it
lies below and the (k, j) entry is nonzero. When dealing with matters involving numerical
precision and round off errors, there are some practical rules of thumb to be followed to
maintain accuracy in the intervening computations. These will be discussed in Section 1.7.

Exercises

1.4.1. Determine whether the following matrices are singular or nonsingular:

0 1 2 113 12 3
a01,b12,c(1 13),d(2 22),e(456),
()<12)( <4_8)() SREIR S M RS U

=

-1 10 -3 0 -1 0 1 1 -2
2 2 4 0 1 0 -1 0 4 1 -1 -1
() 1 292 1l @l 2 o 2 W|_g 1 2 1
0 10 1 2 0 2 0 4 -1 1 2

1.4.2. Classify the following matrices as (i) regular, (ii) nonsingular, and/or (i) singular:
9 1 3 -2 1 1 -2 3 _} g :i) (2)
(a) s (b) | -1 4 4, () | -2 4 =11, (d)
L4 2 2 5 3 -1 2 3 2 6
2 -1 3 5

1.4.3. Find the equation z = ax + by + ¢ for the plane passing through the three points
p1 = (0725 _1)5 p2 = (_2745 3)) p3 = (25 _17 _3)

[
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1.4.4. Show that a 2 X 2 matrix A = (i 2) is (a) nonsingular if and only if ad — be # 0,

(b) regular if and only if ad —bc # 0 and a # 0.

1.4.5. Solve the following systems of equations by Gaussian Elimination:

Ty — 239 + 215 = 15, 2x) — 1y =1, Ty — T3 =4,
(a) x7 — 239 + 253 = 10, (b) —4xqy +2x9 — 323 = -8, (¢) =231 —dx9 =2,
221 — w9 — 2253 = —10. T — 3Ty + T3 = 5. Ty + 13 = —8.
c—y+z—w=0, -2z+2y—z+w =2, —3x9 + 213 =0, v3 — x4 =2,

(d) (e)

—4x+4y+32=5, x—-3y+w=4. x) —2x5=—1, —4x| + 72, = —5.
1.4.6. True or false: A singular matrix cannot be regular.

1.4.7. True or false: A square matrix that has a column with all 0 entries is singular. What
can you say about a linear system that has such a coefficient matrix?

{ 1.4.8. Explain why the solution to the homogeneous system Ax = 0 with nonsingular
coefficient matrix is x = 0.

1.4.9. Write out the details of the proof of the “if” part of Theorem 1.7: if A is nonsingular,
then the linear system Ax = b has a unique solution for every b.

Permutations and Permutation Matrices

As with the first type of elementary row operation, row interchanges can be accomplished
by multiplication by a second type of elementary matrix, which is found by applying the
row operation to the identity matrix of the appropriate size. For instance, interchanging
rows 1 and 2 of the 3 x 3 identity matrix produces the elementary interchange matrix

0 1 0
P=11 0 0. Theresult PA of multiplying any 3-rowed matrix A on the left by P is
0 0 1

the same as interchanging the first two rows of A. For instance,
010 1 2 3 4 5 6
1 00 4 5 6|=111 2 3
0 0 1 7 8 9 7 8 9

Multiple row interchanges are accomplished by combining such elementary interchange
matrices. Each such combination of row interchanges uniquely corresponds to what is
called a permutation matrix.

Definition 1.8. A permutation matriz is a matrix obtained from the identity matrix by
any combination of row interchanges.

In particular, applying a row interchange to a permutation matrix produces another
permutation matrix. The following result is easily established.

Lemma 1.9. A matrix P is a permutation matrix if and only if each row of P contains
all 0 entries except for a single 1, and, in addition, each column of P also contains all 0
entries except for a single 1.

In general, if, in the permutation matrix P, a 1 appears in position (4, 7), then multi-
plication by P will move the j*® row of A into the i*® row of the product P A.
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Example 1.10. There are six different 3 x 3 permutation matrices, namely
1 00 010 0 0 1 010 0 0 1 1 00
o1 o0f,{00 1),{1 0 0,12 0O0),{0 1T 0],10 0 1].
0 0 1 1 00 010 0 0 1 1 0 0 010
(1.30

These have the following effects: if A is a matrix with row vectors ry, r,, ry, then multipli-
cation on the left by each of the six permutation matrices produces, respectively,

ry ry rs Iy Iy ry
Ty ’ rs ’ r ’ ry ’ ry ’ rs . (131)
rs ry ry rs ry ry

Thus, the first permutation matrix, which is the identity, does nothing — the identity
permutation. The fourth, fifth, sixth represent row interchanges. The second and third are
non-elementary permutations, and can be realized by a pair of successive row interchanges.

In general, any rearrangement of a finite ordered collection of objects is called a per-
mutation. Thus, the 6 permutation matrices (1.30) produce the 6 possible permutations
(1.31) of the rows of a 3 x 3 matrix. In general, if a permutation 7 rearranges the integers
(1,...,n) to form (m(1),...,7(n)), then the corresponding permutation matrix P = P,
that maps row r; to row r ;) will have 1’s in positions (i,m(3)) for i = 1,...,n and zeros
everywhere else. For example, the second permutation matrix in (1.30) corresponds to the
permutation with w(1) = 2, m(2) = 3, 7(3) = 1. Keep in mind that (1), ...,m(n) is merely
a rearrangement of the integers 1,...,n, so that 1 < 7(i) < n and 7(¢) # 7(j) when i # j.

An elementary combinatorial argument proves that there is a total of

nl=nn—-1)(n-2) --- 3-2-1 (1.32)

different permutations of (1,...,n), and hence the same number of permutation matrices
of size n x n. Moreover, the product P = P, P, of any two permutation matrices is also a
permutation matrix, and corresponds to the composition of the two permutations, meaning
one permutes according to P, and then permutes the result according to P,. An important
point is that multiplication of permutation matrices is noncommutative — the order in
which one permutes makes a difference. Switching the first and second rows, and then
switching the second and third rows, does not have the same effect as first switching the
second and third rows and then switching the first and second rows!

Exercises

1.4.10. Write down the elementary 4 x 4 permutation matrix (a) P; that permutes the second
and fourth rows, and (b) P, that permutes the first and fourth rows. (¢) Do P, and P,
commute? (d) Explain what the matrix products P, P, and P, P; do to a 4 x 4 matrix.

1.4.11. Write down the permutation matrix P such that

u v a d a b il £4

B bl | ¢ bl _ |a 20 1

(a) P( v) = (w), (b) P cl=1al (¢) P cl=1al (d) Pl zg | = | =5
w U d b d . Ty Tq

L5 L5

1.4.12. Construct a multiplication table that shows all possible products of the 3 x 3
permutation matrices (1.30). List all pairs that commute.
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1.4.13. Write down all 4 x 4 permutation matrices that (a) fix the third row of a 4 x 4 matrix
A; (b) take the third row to the fourth row; (¢) interchange the second and third rows.

1.4.14. True or false: (a) Every elementary permutation matrix satisfies P> = 1. (b) Every

permutation matrix satisfies P2 = 1. (¢) A matrix that satisfies P? = I is necessarily a
permutation matrix.

1.4.15.(a) Let P and @ be n x n permutation matrices and v € R" a vector. Under what
conditions does the equation Pv = Qv imply that P = Q? (b) Answer the same question
when PA = Q A, where A is an n X k matrix.

1.4.16. Let P be the 3 x 3 permutation matrix such that the product P A permutes the first
and third rows of the 3 x 3 matrix A. (a) Write down P. (b) True or false: The product

AP is obtained by permuting the first and third columns of A.
(¢) Does the same conclusion hold for every permutation matrix: is the effect of P A on the
rows of a square matrix A the same as the effect of AP on the columns of A?

© 1.4.17. A common notation for a permutation 7 of the integers {1,...,m} isasa 2 x m
. 1 2 3 ....0m e . .
matrix (71(1) 22 #(3) ... w(m) ), indicating that 7 takes ¢ to 7(¢). (a) Show

that such a permutation corresponds to the permutation matrix with 1’s in positions
(m(4),4) for 5 = 1,...,m. (b) Write down the permutation matrices corresponding to

. oo (12 3y (1 2 3 4\ .. (1 2 3 4
the following permutations: (%) (2 1 3>, (i) (4 5 3 1>, (i) (1 1 9 3>,

(iv) (1 2 314 5>. Which are elementary matrices? (¢) Write down, using the

5 4 3 2 1
preceding notation, the permutations corresponding to the following permutation matrices:
00 1 0 01 0 O 0 00 10
0 0 1 1 0 0 0 O
. . 0 0 0 1 001 0 )
(i) |1 0 0], (i) , (449) , (w) [0 0 1 0 O
1 0 0 0 0 0 0 1
010 01 00 1 0 00 000 01
01 0 00

$ 1.4.18. Justify the statement that there are n! different n x n permutation matrices.

1.4.19. Consider the following combination of elementary row operations of type #1: (i) Add
row i to row j. (%) Subtract row j from row ¢. (ii7) Add row i to row j again. Prove that
the net effect is to interchange —1 times row ¢ with row j. Thus, we can almost produce
an elementary row operation of type #2 by a combination of elementary row operations
of type #1. Lest you be tempted to try, Exercise 1.9.16 proves that one cannot produce a
bona fide row interchange by a combination of elementary row operations of type #1.

1.4.20. What is the effect of permuting the columns of its coefficient matrix on a linear system?

The Permuted LU Factorization

As we now know, every nonsingular matrix A can be reduced to upper triangular form
by elementary row operations of types #1 and #2. The row interchanges merely reorder
the equations. If one performs all of the required row interchanges in advance, then the
elimination algorithm can proceed without requiring any further pivoting. Thus, the matrix
obtained by permuting the rows of A in the prescribed manner is regular. In other words,
if A is a nonsingular matrix, then there is a permutation matrix P such that the product
P A is regular, and hence admits an LU factorization. As a result, we deduce the general
permuted LU factorization

PA=LU, (1.33)



28 1 Linear Algebraic Systems

where P is a permutation matrix, L is lower unitriangular, and U is upper triangular with
the pivots on the diagonal. For instance, in the preceding example, we permuted the first
and second rows, and hence equation (1.33) has the explicit form

01 0\ /0 21 1 00\ /26
1 0O0fJ(26 1]={0 1o0|[0 2
001 11 4 » —1 1/\0 0

O = =

We have now established the following generalization of Theorem 1.3.

Theorem 1.11. Let A be an n x n matrix. Then the following conditions are equivalent:
(i) A is nonsingular.
(ii) A has n nonzero pivots.
(iii) A admits a permuted LU factorization: PA = LU.

A practical method to construct a permuted L U factorization of a given matrix A would
proceed as follows. First set up P = L = 1 as n x n identity matrices. The matrix P
will keep track of the permutations performed during the Gaussian Elimination process,
while the entries of L below the diagonal are gradually replaced by the negatives of the
multiples used in the corresponding row operations of type #1. Each time two rows of A are
interchanged, the same two rows of P will be interchanged. Moreover, any pair of entries
that both lie below the diagonal in these same two rows of L must also be interchanged,
while entries lying on and above its diagonal need to stay in their place. At a successful
conclusion to the procedure, A will have been converted into the upper triangular matrix
U, while L and P will assume their final form. Here is an illustrative example.

Example 1.12. Our goal is to produce a permuted LU factorization of the matrix

1 2 -1 0
2 4 -2 -1
-3 =5 6 1
-1 2 8 -2

A:

To begin the procedure, we apply row operations of type #1 to eliminate the entries below
the first pivot. The updated matrices’ are

1 2 -1 0 10 0 0 10 0 0

00 0 -1 21 00 01 .00
A= 0 1 3 10’ L= -3 0 1 0) P= 0 01 0]’

04 7 =2 -1 0 0 1 0 0 01

where L keeps track of the row operations, and we initialize P to be the identity matrix.
The (2,2) entry of the new A is zero, and so we interchange its second and third rows,
leading to

1 2 -1 0 10 0 0 10 0 0
0 1 3 1 -3 1 0 0 0 010
A= 00 o0 -1} L= 2 01 0) P= 01 00
0 4 7T =2 -1 0 0 1 0 0 01

t Here, we are adopting computer programming conventions, where updates of a matrix are all
given the same name.
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We interchanged the same two rows of P, while in L we only interchanged the already
computed entries in its second and third rows that lie in its first column below the diagonal.
We then eliminate the nonzero entry lying below the (2, 2) pivot, leading to

1 2 -1 0 1 0 0 O 1 0 0 O
0 1 3 1 -3 1 0 0 0 01 O
A= 0 0 0o -1/ L= 2 01 0]’ P= 01 0 O
00 -5 —6 -1 4 0 1 0 0 0 1
A final row interchange places the matrix in upper triangular form:
1 2 -1 0 1 0 0 O 1 0 0 O
0 1 3 1 -3 1 0 0 00 1 0
U=A4= 0 0 -5 -6’ L= -1 4 1 0}’ P= 00 0 1
0 0 0 -1 2 0 0 1 01 0 O

Again, we performed the same row interchange on P, while interchanging only the third
and fourth row entries of L that lie below the diagonal. You can verify that

1 2 -1 0 1 0 0 0 1 2 -1 0
-3 -5 6 1 -3 1 0 0 0 1 3 1

PA= -1 2 8 -2 | -1 4 10 00 -5 —6 =Lu, (134
2 4 -2 -1 2 0 01 0 0 0 -1

as promised. Thus, by rearranging the equations in the order first, third, fourth, second,
as prescribed by P, we obtain an equivalent linear system whose coefficient matrix P A is
regular, in accordance with Theorem 1.11.

Once the permuted LU factorization is established, the solution to the original system
Ax = b is obtained by applying the same Forward and Back Substitution algorithm
presented above. Explicitly, we first multiply the system Ax = b by the permutation
matrix, leading to R

PAx=Pb =D, (1.35)

whose right-hand side b has been obtained by permuting the entries of b in the same
fashion as the rows of A. We then solve the two triangular systems

Lc=hb and Ux=c (1.36)
by, respectively, Forward and Back Substitution, as before.

Example 1.12 (continued). Suppose we wish to solve the linear system

1 2 -1 0\ /=x 1
2 4 =2 —1|[y] (-1
-3 -5 6 1]|| = 3
-1 2 8 =2/ \w 0

In view of the PA = LU factorization established in (1.34), we need only solve the two
auxiliary lower and upper triangular systems (1.36). The lower triangular system is

1 00 0\ /a 1

3 100]|[b] [ 3}

141 0]l of
2 0 0 1/ \d ~1
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whose right-hand side was obtained by applying the permutation matrix P to the right-
hand side of the original system. Its solution, namely a =1, b =6, c = —23, d = —3, is
obtained through Forward Substitution. The resulting upper triangular system is

12 -1 0\ /z 1
01 3 1|[y]_ 6
00 -5 —6]|]| = —23
00 0 -1/ \w -3

Its solution, w =3, z =1, y =0, = = 2, which is also the solution to the original system,
is easily obtained by Back Substitution.

Exercises

1.4.21. For each of the listed matrices A and vectors b, find a permuted LU factorization of

the matrix, and use your factorization to solve the system Ax =b. (a) <g 71 ), (3 >,

2
00 —4 1 01 -3 1 A S T
(b)y |12 3], | 2], () (0 2 3/ | 2] (d ; ;
01 7 -1 10 2 -1 L 0
1 -1 2 1 3
0 1 0 0 4 00 2 3 4 -3
9 3 1 0 _4 01 -7 2 3 -2
(e) , ()14 11 1], 0
1 4 -1 2 0
7 _1 9 3 5 00 10 2 0
00 173 -7

1.4.22. For each of the following linear systems find a permuted LU factorization of the
coefficient matrix and then use it to solve the system by Forward and Back Substitution.

(a) 3wy + 329 + 125 =3, (b) yrz=1, () r+y—3z=1,
731‘1 +$2 *21’3 = —5.
TH2y-—ztw=4 T2y —z+w=4
{ 1.4.23.(a) Explain why

0 1 0)\/0 13 1 0 0\ /2 -1 1

1 oof|ll2 -1 1]l=(0o 1o0]|l0 1 3],

0 1)\2 -2 0 1 -1 1)\0 0 2
1 3

10 0\/2 -2 0
-1 1|=(110][l0 1 1],
-2 0 01 1/\o o0 2
1\ /0 1 3 1 0\ /2 -2 0
0|2 -1 1|=1]o0 0o 1 3],
0)\2 -2 0 1 1/\o o0 -2

are all legitimate permuted LU factorizations of the same matrix. List the elementary row
operations that are being used in each case.

0 1 3 x -5
(b) Use each of the factorizations to solve the linear system | 2 —1 1 yl|l=1-1].
2 =20 z 0

Do you always obtain the same result? Explain why or why not. 01 9
1.4.24.(a) Find three different permuted LU factorizations of the matrix A = (1 —1) .
(b) How many different permuted LU factorizations does A have? 1 3

Y
— o O

— O O O, O OO+~
SO =
~
Y
NN O

=0
[en}

= o
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1.4.25. What is the maximal number of permuted LU factorizations a regular 3 x 3 matrix can
have? Give an example of such a matrix.

1.4.26. True or false: The pivots of a nonsingular matrix are uniquely defined.

& 1.4.27.(a) Write a pseudocode program implementing the algorithm for finding the permuted
LU factorization of a matrix. (b) Program your algorithm and test it on the examples in
Exercise 1.4.21.

1.5 Matrix Inverses

The inverse of a matrix is analogous to the reciprocal a~! = 1/a of a nonzero scalar
a # 0. We already encountered the inverses of matrices corresponding to elementary row
operations. In this section, we will study inverses of general square matrices. We begin
with the formal definition.

Definition 1.13. Let A be a square matrix of size n x n. An n X n matrix X is called the
inverse of A if it satisfies
XA=1=AX, (1.37)

where I = I is the n x n identity matrix. The inverse of A is commonly denoted by A~?.

Remark. Noncommutativity of matrix multiplication requires that we impose both con-
ditions in (1.37) in order to properly define an inverse to the matrix A. The first condition,
X A =1, says that X is a left inverse, while the second, A X = I, requires that X also
be a right inverse. Rectangular matrices might have either a left inverse or a right inverse,
but, as we shall see, only square matrices have both, and so only square matrices can have
full-fledged inverses. However, not every square matrix has an inverse. Indeed, not every
scalar has an inverse: 0~! = 1/0 is not defined, since the equation 0z = 1 has no solution.

Example 1.14. Since

1 2 -1 3 4 -5 1 0 O 3 4 -5 1 2 -1
-3 1 2 11 -1}J=101 0)]=111 -1 -3 1 21,
-2 2 1 4 6 -7 0 0 1 4 6 -7 -2 2 1
1 2 -1 3 4 -5
we conclude that when A = | -3 1 2 |,then A~' =1 1 —1]. Observe that
-2 2 1 4 6 -7

there is no obvious way to anticipate the entries of A~! from the entries of A.

Example 1.15. Let us compute the inverse X = (Z wy>’ when it exists, of a general

a b
c d

_(axz+bz ay+bw) (1 0\ _
AX_(cx—i—dz cy+dw>_<0 1)_I

holds if and only if x,y, z, w satisfy the linear system

2 X 2 matrix A = < > The right inverse condition

ar+bz=1, ay+bw =0,
cx+dz=0, cy+dw=1.
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Solving by Gaussian Elimination (or directly), we find

- d . b . c B a
YT ud—be’ Y= " ad—be’ ST T ad—be’ YT ad—be’

provided the common denominator ad — bec # 0 does not vanish. Therefore, the matrix

1 d —b
X:
ad—bc <—C a)

forms a right inverse to A. However, a short computation shows that it also defines a left

inverse:
_(za+yc zb+yd) (1 0\ _
XA_(za—i—wc zb+wd) \0 1 =1

and hence X = A™! is the inverse of A.
The denominator appearing in the preceding formulas has a special name; it is called
the determinant of the 2 x 2 matrix A, and denoted by

a b
det(c d>—ad—bc. (1.38)

Thus, the determinant of a 2 x 2 matrix is the product of the diagonal entries minus
the product of the off-diagonal entries. (Determinants of larger square matrices will be
discussed in Section 1.9.) Thus, the 2 x 2 matrix A is invertible, with

- 1 d —b
1 _
A ~ad—bc (—C a)’ (1.39)

1 3

if and only if det A # 0. For example, if A = (_2 4

>, then det A = 2 # 0. We

1 _ _ o _ 3
conclude that A has an inverse, which, by (1.39),is A~! = 5 ( ;L i’) = ( 2 ? ) .
1
2

Example 1.16. We already learned how to find the inverse of an elementary matrix of

type #1: we just negate the one nonzero off-diagonal entry. For example, if

100 1 00
E=(01 0], then E' = 010
2 0 1 -2 0 1

This is because the inverse of the elementary row operation that adds twice the first row
to the third row is the operation of subtracting twice the first row from the third row.

010
Example 1.17. Let P= |1 0 0 | denote the elementary matrix that has the effect
0 0 1

of interchanging rows 1 and 2 of a 3-rowed matrix. Then P? = I, since performing the
interchange twice returns us to where we began. This implies that P~! = P is its own
inverse. Indeed, the same result holds for all elementary permutation matrices that corre-
spond to row operations of type #2. However, it is not true for more general permutation
matrices.

The following fundamental result will be established later in this chapter.

Theorem 1.18. A square matrix has an inverse if and only if it is nonsingular.
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Consequently, an n x n matrix will have an inverse if and only if it can be reduced to
upper triangular form, with n nonzero pivots on the diagonal, by a combination of elemen-
tary row operations. Indeed, “invertible” is often used as a synonym for “nonsingular”. All
other matrices are singular and do not have an inverse as defined above. Before attempting
to prove Theorem 1.18, we need first to become familiar with some elementary properties
of matrix inverses.

Lemma 1.19. The inverse of a square matrix, if it exists, is unique.
Proof: Suppose both X and Y satisfy (1.37), so
XA=1=A4X and YA=1=AY.
Then, by associativity,
X=XI=X(AY)=(XA)Y =1y =Y. Q.E.D.
Inverting a matrix twice brings us back to where we started.
Lemma 1.20. If A is an invertible matrix, then A~! is also invertible and (A~%)~! = A.

Proof: The matrix inverse equations A=™' A = I = A A~! are sufficient to prove that A is
the inverse of A~!. Q.E.D.

Lemma 1.21. If A and B are invertible matrices of the same size, then their product,
A B, is invertible, and
(AB)™' =B~ tA™L. (1.40)

Note that the order of the factors is reversed under inversion.

Proof: Let X = B~'A~!. Then, by associativity,
X(AB)=B'A"'AB=B'IB=B"'B=1,
(ABY X =ABB'A' =ATA ' =441 =1.

Thus X is both a left and a right inverse for the product matrix A B. Q.E.D.
Example 1.22. One verifies, directly, that the inverse of A = <(1) ?) is
1 -2 . . 0 1Y) . 0 -1

-1 _ _ -1 _ _
A = <O 1), while the inverse of B = (_1 0) is B~ = <1 ) There

0
fore, the inverse of their product C = AB = (1 2) (_0 1) = <_? (1)> is given by

0 1

i peig (0 1\ (1 =2\ _ (0 -1
C_BA_(l o)Jlo 1)7\1 —2)

We can straightforwardly generalize the preceding result. The inverse of a k-fold product
of invertible matrices is the product of their inverses, in the reverse order:

(A1A2"'Ak7114k)71 :A;ZlA;Z_ll "'A2_1A1_1- (1.41)

Warning. In general, (A+ B)~! # A~! + B~L. Indeed, this equation is not even true for
scalars (1 x 1 matrices)!
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Exercises
1.5.1. Verify by direct multiplication that the following matrices are inverses, i.e., both
2 11
conditions in (1.37) hold: (a) A = (j j) Al = <_i _g>; () A=[3 2 1],
2 1 2
) 3 -1 -1 -1 3 2 ) -1 1 1
-1 _ . — -1 _ 4
A7 =-4 2 1];(A=| 2 2 —1|, A7 = 2 -1 =3
-1 0 1 -2 1 3 _ 6 5 8
7 7 7
1 2 0
1.52. Let A=1|0 1 3 |. Find the right inverse of A by setting up and solving the linear
1 -1 -8

system AX = I. Verify that the resulting matrix X is also a left inverse.

1.5.3. Write down the inverse of each of the following elementary matrices: (a) <(1) é),

10 0 1 0 00 0 0 0 1
1 0 1 -2 01 0 0 01 0 O
® (3 9) @ (5 7) @ (8 (1) —§>),<e> ARG EE
0 0 01 1 0 0 0
1 0 0 1 00
1.5.4. Show that the inverseof L=[a 1 0|isL™'=|—-a 1 0 . However, the inverse
b 0 1 -b 0 1
1 0 0 1 0 0
of M=|a 1 0|isnot | —-a 1 0|. Whatis M~ '?
b ¢ 1 -b —c 1

1.5.5. Explain why a matrix with a row of all zeros does not have an inverse.

1.5.6.(a) Write down the inverse of the matrices A = <é }) and B = (} _§> (b) Write

down the product matrix C' = A B and its inverse C' -1 using the inverse product formula.
1.5.7.(a) Find the inverse of the rotation matriz R, = C(.)SQ —sinf , where 6 € R.
sin 6 cos 6
(b) Use your result to solve the system z = acosf — bsinf, y = asinf+ bcosf, for a and b
in terms of x and y. (c) Prove that, for all a € R and 0 < 0 < 7, the matrix Ry —a I has
an inverse.
1.5.8.(a) Write down the inverses of each of the 3 x 3 permutation matrices (1.30). (b) Which
ones are their own inverses, P~1 = P? (¢) Can you find a non-elementary permutation
matrix P that is its own inverse: P~ = P?

1.5.9. Find the inverse of the following permutation matrices:

000 1 0100 1000 58?88

001 0 001 0 000 1
(a)0100’(b)0001’(c)0100’(d)8?88(1)

100 0 100 0 00 1 0 ey

1.5.10. Explain how to write down the inverse permutation using the notation of Exercise
1.4.17. Apply your method to the examples in Exercise 1.5.9, and check the result by
verifying that it produces the inverse permutation matrix.

1.5.11. Find all real 2 x 2 matrices that are their own inverses: 471 = A.
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1.5.12. Show that if a square matrix A satisfies A% —3A+1=0,then A~} =31 — A.
1.5.13. Prove that if ¢ # 0 is any nonzero scalar and A is an invertible matrix, then the scalar

1
product matrix ¢ A is invertible, and (cA)™! = = A7L
c

0O a 0 0 O
b 0 ¢ 0 0
1.5.14. Show that A= [0 d 0 e 0 | is not invertible for any value of the entries.
00 f 0 g
00 0 A O

1.5.15. Show that if A is a nonsingular matrix, so is everyy power A™.

1.5.16. Prove that a diagonal matrix D = diag (dy,...,d,,) is invertible if and only if all its

diagonal entries are nonzero, in which case D™1 = diag (1/dy,...,1/d,).

1.5.17. Prove that if U is a nonsingular upper triangular matrix, then the diagonal entries of
U~ are the reciprocals of the diagonal entries of U.
1.5.18.(a) Let U be a m x n matrix and V an n x m matrix, such that the m x m matrix
I,, +UYV is invertible. Prove that I, + V U is also invertible, and is given by
(I, +vo)yt=1,-v(I, +UV) ‘U
(b) The Sherman—Morrison—Woodbury formula generalizes this identity to
(A+VBU) t=A"t—a vt +ua~tv)y"luaTt. (1.42)
Explain what assumptions must be made on the matrices A, B, U,V for (1.42) to be valid.

1.5.19. Two matrices A and B are said to be similar, written A ~ B, if there exists an
invertible matrix S such that B = ST'AS. Prove: (a) A~ A. (b) If A~ B, then B ~ A.
(c) If A~ B and B~ C, then A~ C.

A O

O B

matrices, not necessarily of the same size, while the O’s are zero matrices of the

appropriate sizes. Prove that D has an inverse if and only if both A and B do, and

1.5.20.(a) A block matrix D = ( is called block diagonal if A and B are square

) 1 2 0 1 -1 0 0

pl=(4 Ql . (b) Find the inverseof | 2 1 0 | and 2 -100 by
O B 0 0 1 3
003 0 0 2 5

using this method.

1 -1
1.5.21.(a) Show that B = <_1 _} (1)> is a left inverse of A = (O 1). (b) Show that
1 1

A does not have a right inverse. (c¢) Can you find any other left inverses of A?

1.5.22. Prove that the rectangular matrix A = <% 3 _(1)) has a right inverse, but no left
inverse.

1.5.23.(a) Are there any nonzero real scalars that satisfy (a + )" =a=t + 57172
(b) Are there any nonsingular real 2 x 2 matrices that satisfy (A + B)™1 = A=1 + B=1?

Gauss—Jordan Elimination

The principal algorithm used to compute the inverse of a nonsingular matrix is known as
Gauss—Jordan Elimination, in honor of Gauss and Wilhelm Jordan, a nineteenth-century
German engineer. A key fact is that, given that A is square, we need to solve only the

right inverse equation
AX =1 (1.43)
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in order to compute X = A~!. The left inverse equation in (1.37), namely XA = I,
will then follow as an automatic consequence. In other words, for square matrices, a right
inverse is automatically a left inverse, and conversely! A proof will appear below.

The reader may well ask, then, why use both left and right inverse conditions in the
original definition? There are several good reasons. First of all, a non-square matrix
may satisfy one of the two conditions — having either a left inverse or a right inverse
— but can never satisfy both. Moreover, even when we restrict our attention to square
matrices, starting with only one of the conditions makes the logical development of the
subject considerably more difficult, and not really worth the extra effort. Once we have
established the basic properties of the inverse of a square matrix, we can then safely discard
the superfluous left inverse condition. Finally, when we generalize the notion of an inverse
to linear operators in Chapter 7, then, in contrast to the case of square matrices, we cannot
dispense with either of the conditions.

Let us write out the individual columns of the right inverse equation (1.43). The jth
column of the n x n identity matrix I is the vector e; that has a 1 in the jth glot and 0’s

elsewhere, so 1 0 0
0 1 0
0 0 0
e, =1 .1, e, =1 .1, e, =| .| (1.44)
0 0 0
0 0 1

According to (1.11), the j*™ column of the matrix product AX is equal to Ax;, where
x; denotes the jth column of the inverse matrix X. Therefore, the single matrix equation
(1.43) is equivalent to n linear systems

Ax, =e, Axy =e,, Ax, =e,, (1.45)

all having the same coefficient matrix. As such, to solve them we should form the n
augmented matrices M, = (A | e ),...,M, = (A | e, ), and then apply our Gaussian
Elimination algorithm to each. But this would be a waste of effort. Since the coefficient
matrix is the same, we will end up performing identical row operations on each augmented
matrix. Clearly, it will be more efficient to combine them into one large augmented matrix
M= (Ale, ...e,)=(A|1),ofsize n x (2n), in which the right-hand sides ey, ..., e,
of our systems are placed into n different columns, which we then recognize as reassembling
the columns of an n x n identity matrix. We may then simultaneously apply our elementary
row operations to reduce, if possible, the large augmented matrix so that its first n columns
are in upper triangular form.

0 2 1
Example 1.23. For example, to find the inverse of the matrix A= |2 6 1 |, we
form the large augmented matrix 11 4
0 2 11100
26 11010
1 1 4100 1
Applying the same sequence of elementary row operations as in Section 1.4, we first inter-

change the rows

—_ O N
N
S =
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and then eliminate the nonzero entries below the first pivot,

2 6 1|0 10

0 2 1|1 00
7 1

0 -2 7|0 -1

Next we eliminate the entry below the second pivot:

2 6 1[0 10
002 1|1 00
00 5 |1 =) 1

At this stage, we have reduced our augmented matrix to the form (U | C ), where U is
upper triangular. This is equivalent to reducing the original n linear systems Ax, = e, to
n upper triangular systems Ux,; = c,. We can therefore perform n back substitutions to
produce the solutions x,, which would form the individual columns of the inverse matrix
X = (xy ... X,). In the more common version of the Gauss-Jordan scheme, one instead
continues to employ elementary row operations to fully reduce the augmented matrix. The
goal is to produce an augmented matrix ( IX ) in which the left-hand n x n matrix has
become the identity, while the right-hand matrix is the desired solution X = A~!. Indeed,
(I | X)) represents the n trivial linear systems Ix = x,; whose solutions x = x; are the
columns of the inverse matrix X.

Now, the identity matrix has 0’s below the diagonal, just like U. It also has 1’s along
the diagonal, whereas U has the pivots (which are all nonzero) along the diagonal. Thus,
the next phase in the reduction process is to make all the diagonal entries of U equal to 1.
To proceed, we need to introduce the last, and least, of our linear systems operations.

e e SR 0o s tnterntens B Multiply an equation by a nonzero constant.

This operation clearly does not affect the solution, and so yields an equivalent linear system.
The corresponding elementary row operation is:

1 ERaleaR e AV A Oderctntoy i = B Multiply a row of the matrix by a nonzero scalar.

Dividing the rows of the upper triangular augmented matrix (U | C') by the diagonal
pivots of U will produce a matrix of the form (V | B)7 where V' is upper unitriangular,
meaning it has all 1’s along the diagonal. In our particular example, the result of these
three elementary row operations of type #3 is

1 1
13 5,10 45 0
01 451|153 0 o0f,

2 _1 2
00 11]2 =5 2

where we multiplied the first and second rows by é and the third row by g.

We are now over halfway towards our goal. We need only make the entries above
the diagonal of the left-hand matrix equal to zero. This can be done by elementary row
operations of type #1, but now we work backwards. First, we eliminate the nonzero entries
in the third column lying above the (3, 3) entry by subtracting one half the third row from
the second and also from the first:

1 5 1
1 3 0 — 9 9 o9
1 1

010 18 18 9
2 1 2

0 0 1 9 o 5
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Finally, we subtract 3 times the second row from the first to eliminate the remaining
nonzero off-diagonal entry, thereby completing the Gauss—Jordan procedure:

23 7 2
100 18 18 9
7 1 1
0 10 18 18 9
2 1 2
0 0 1 9 o9 9

The left-hand matrix is the identity, and therefore the final right-hand matrix is our desired
inverse:

23 7 2
18 18 9
-1 _ 7 1 1
A &k 5 (1.46)
2 1 2
9 9 9

The reader may wish to verify that the final result does satisfy both inverse conditions
AA ' =1=A1A

We are now able to complete the proofs of the basic results on inverse matrices. First,
we need to determine the elementary matrix corresponding to an elementary row operation
of type #3. Again, this is obtained by performing the row operation in question on the
identity matrix. Thus, the elementary matrix that multiplies row ¢ by the nonzero scalar
c is the diagonal matrix having c in the it diagonal position, and 1’s elsewhere along the
diagonal. The inverse elementary matrix is the diagonal matrix with 1/¢ in the i*h diagonal
position and 1’s elsewhere on the main diagonal; it corresponds to the inverse operation
that divides row ¢ by c¢. For example, the elementary matrix that multiplies the second

. its inverse is E~! =

S ot O
— o O
o O =
SO
—_ o O

1
row of a 3-rowed matrix by 5is £ = | 0
0

In summary:

Lemma 1.24. Every elementary matrix is nonsingular, and its inverse is also an
elementary matrix of the same type.

The Gauss—Jordan method tells us how to reduce any nonsingular square matrix A to
the identity matrix by a sequence of elementary row operations. Let E|, E,,..., Ey be
the corresponding elementary matrices. The elimination procedure that reduces A to I
amounts to multiplying A by a succession of elementary matrices:

EyEy_q - EyEJA=1. (1.47)
We claim that the product matrix
X=EyEy_, - E,E| (1.48)

is the inverse of A. Indeed, formula (1.47) says that X A = I, and so X is a left inverse.
Furthermore, each elementary matrix has an inverse, and so by (1.41), X itself is invertible,
with

X t=F'Ey - B BN (1.49)
Therefore, multiplying formula (1.47), namely X A = I, on the left by X ! leads to A =
X~!'. Lemma 1.20 implies X = A~!, as claimed, completing the proof of Theorem 1.18.

Finally, equating A = X! to the product (1.49), and invoking Lemma 1.24, we have
established the following result.
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Proposition 1.25. Every nonsingular matrix can be written as the product of elementary
matrices.

Example 1.26. The 2 x 2 matrix A = 0 _1) is converted into the identity matrix

1 3
1 3
0 1)’

3 1,
and, finally, subtracting 3 times the second row from the first to obtain (é (1)> = 1. The

. . 1
by first interchanging its rows, (

0 —1 >, then scaling the second row by

corresponding elementary matrices are

0 1 10 1 -3
s=(Va) meGd) me(o )

Therefore, by (1.48),

o (1 =3\ (1 0\[/0 1\ [ 31
ar=rmrn=(o )6 )1 e)=( o)
i1 [0 1\ /1 o0\/1 3\ [0 -1
a=rtmet= (1) (0 ) (6 1)=(1 )

As an application, let us prove that the inverse of a nonsingular triangular matrix is
also triangular. Specifically:

while

Proposition 1.27. If L is a lower triangular matrix with all nonzero entries on the main
diagonal, then L is nonsingular and its inverse L' is also lower triangular. In particular,
if L is lower unitriangular, so is L™!. A similar result holds for upper triangular matrices.

Proof: 1t suffices to note that if L has all nonzero diagonal entries, one can reduce L to the
identity by elementary row operations of types #1 and #3, whose associated elementary
matrices are all lower triangular. Lemma 1.2 implies that the product (1.48) is then
also lower triangular. If L is unitriangular, then all the pivots are equal to 1. Thus, no
elementary row operations of type #3 are required, and so L can be reduced to the identity
matrix by elementary row operations of type #1 alone. Therefore, its inverse is a product
of lower unitriangular matrices, and hence is itself lower unitriangular. A similar argument
applies in the upper triangular case. Q.E.D.

Exercises

1.5.24. (a) Write down the elementary matrix that multiplies the third row of a 4 x 4 matrix
by 7. (b) Write down its inverse.

1.5.25. Find the inverse of each of the following matrices, if possible, by applying the Gauss—

Jordan Method.
1 2 3 1 0 -2
(d) (4 5 6), (e)( 3 -1 0),
7 8 9 -2 1 -3
0
1

@ (5 3) o (53 © @ - )

2 1 1 1 -2 1 1
0 0 3 (i) 2 -3 3 0
1 0 0 -1/ 3 =7 2 4
00 -2 -5 0 2 1 1
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1.5.26. Write each of the matrices in Exercise 1.5.25 as a product of elementary matrices.

V31

1.5.27. Express A = 2 2] asa product of elementary matrices.
1 V3
2 2

1.5.28. Use the Gauss—Jordan Method to find the inverse of the following complex matrices:

SR Y GRS B ) B R ).

1.5.29. Can two nonsingular linear systems have the same solution and yet not be equivalent?

© 1.5.30.(a) Suppose A is obtained from A by applying an elementary row operation. Let

C = AB, where B is any matrix of the appropriate size. Explain why C = AB can be
obtained by applying the same elementary row operation to C. (b) Illustrate by adding

1 2 -1
—2 times the first row to the third row of A = (2 -3 2) and then multiplying the
0 1 —4
1 -2
result on the right by B = 3 0 |. Check that the resulting matrix is the same as first
-1 1

multiplying A B and then applying the same row operation to the product matrix.

Solving Linear Systems with the Inverse

The primary motivation for introducing the matrix inverse is that it provides a compact
formula for the solution to any linear system with an invertible coefficient matrix.

Theorem 1.28. If the matrix A is nonsingular, then x = A~! b is the unique solution to
the linear system Ax = b.

Proof: We merely multiply the system by A~!, which yields x = A='Ax = A~'b. More-
over, Ax = AA~'b = b, proving that x = A~'b is indeed the solution. Q.E.D.
For example, let us return to the linear system (1.29). Since we computed the inverse

of its coefficient matrix in (1.46), a “direct” way to solve the system is to multiply the
right-hand side by the inverse matrix:

23 7 2 5
x 18 18 9 6
— 7 1 1 — 5

Yy 18 18 9 6 ’
z 2 1 2 1
9 9 9 3

reproducing our earlier solution.

However, while sesthetically appealing, the solution method based on the inverse matrix
is hopelessly inefficient as compared to direct Gaussian Elimination, and, despite what you
may have been told, should not be used in practical computations. (A complete justification
of this dictum will be provided in Section 1.7.) On the other hand, the inverse does play
a useful role in theoretical developments, as well as providing insight into the design of
practical algorithms. But the principal message of applied linear algebra is that LU de-
composition and Gaussian Elimination are fundamental; matrix inverses are to be avoided
in all but the most elementary computations.

Remark. The reader may have learned a version of the Gauss-Jordan algorithm for
solving a single linear system that replaces the Back Substitution step by a complete
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reduction of the coefficient matrix to the identity. In other words, to solve Ax = b, we
start with the augmented matrix M = (A | b) and use all three types of elementary
row operations to produce (assuming nonsingularity) the fully reduced form (I | d),
representing the trivially soluble, equivalent system x = d, which is the solution to the
original system. However, Back Substitution is more efficient, and it remains the method
of choice in practical computations.

Exercises

1.5.31. Solve the following systems of linear equations by computing the inverses of their
coefficient matrices.

r—y+3z=3, y+ 5z =23,
+2y =1, 3u—2v=2,
(a)w 2y 9 (b) “ 51) 1 (c) z—2y+32=-2, (d) z—y+3z=-1,
r—2y=-—2. =12
Y utov T—2y+2z=2. —2z+3y=25.
—4 —2 2u = —2,
r+4y —2z2=3, 9 +3x—|—y 171 v y+f+ “ 3
—w = T — z—u=3,
() 20+7y—22=05 (f) T T (g v
—y—z4+w=-7, 20 —y+z+u =3,
—x—5y+2z=-"1.
z—w =6. —x+4+3y—2z—u=2.

1.5.32. For each of the nonsingular matrices in Exercise 1.5.25, use your computed inverse to
solve the associated linear system Ax = b, where b is the column vector of the appropriate
size that has all 1’s as its entries.

The L DV Factorization

The second phase of the Gauss—Jordan process leads to a slightly more detailed version of
the LU factorization. Let D denote the diagonal matrix having the same diagonal entries
as U; in other words, D contains the pivots on its diagonal and zeros everywhere else. Let
V' be the upper unitriangular matrix obtained from U by dividing each row by its pivot,
so that V has all 1’s on the diagonal. We already encountered V during the course of
the Gauss—Jordan procedure. It is easily seen that U = DV, which implies the following
result.

Theorem 1.29. A matrix A is regular if and only if it admits a factorization
A=LDYV, (1.50)

where L is a lower unitriangular matrix, D is a diagonal matrix with nonzero diagonal
entries, and V is an upper unitriangular matrix.

For the matrix appearing in Example 1.4, we have U = DV, where

2 1 1 2 0 0 Ly
U=(0 3 01, D=0 3 0], V=10 1 0
0 0 -1 0 0 -1 0 0 1
This leads to the factorization
2 11 1 0 0\ /20 0\/1 5 ;
A= |14 5 21 =12 1 0 0 3 0 0 1 0)=LDV.
2 -2 0 1 -1 1 0 0 -1 0 0 1



42 1 Linear Algebraic Systems

Proposition 1.30. If A = LU is regular, then the factors L and U are uniquely deter-
mined. The same holds for the A = L DV factorization.

Proof: Suppose LU = LU. Since the diagonal entries of all four matrices are non-zero,
Proposition 1.27 implies that they are invertible. Therefore,

L'L=L'LUU =L 'LUU '=0U"". (1.51)

The left-hand side of the matrix equation (1.51) is the product of two lower unitriangular
matrices, and so, by Lemma 1.2, is itself lower unitriangular. The right-hand side is the
product of two upper triangular matrices, and hence is upper triangular. But the only way
a lower unitriangular matrix can equal an upper triangular matrix is if they both equal
the diagonal identity matrix. Therefore, L™'L = 1 = UU', andso L = L and U = U,
proving the first result. The L DV version is an immediate consequence. Q.E.D.

As you may have guessed, the more general cases requiring one or more row interchanges
lead to a permuted L DV factorization in the following form.

Theorem 1.31. A matrix A is nonsingular if and only if there is a permutation matrix P
such that
PA=LDYV, (1.52)

where L is a lower unitriangular matrix, D is a diagonal matrix with nonzero diagonal
entries, and V' is a upper unitriangular matrix.

Uniqueness does not hold for the more general permuted factorizations (1.33), (1.52),
since there may be several permutation matrices that place a matrix in regular form; an
explicit example can be found in Exercise 1.4.23. Moreover, in contrast to regular Gaussian
Elimination, here the pivots, i.e., the diagonal entries of U, are no longer uniquely defined,
but depend on the particular combination of row interchanges employed during the course
of the computation.

Exercises

1.5.33. Produce the LDV or a permuted L DV factorization of the following matrices:

1 2 0 4 2 1 2 1 1 5
@ (51 ®(23) © (3 A @1 =),

1 -1 1 2 1 0 2 -3
2 -3 2

1 -4 1 5 2 —2 0 1

(e) (1 j ;) Oy o 1 @1 5 29

3 1 1 6 0 1 1 2

1.5.34. Using the L DV factorization for the matrices you found in parts (a-g) of Exercise
1.5.33, solve the corresponding linear systems Ax = b, for the indicated vector b.

| L ! -1 -1 i 1
@ (3) o (53) @ (—g) (d) (_411), (©) (—g) 05|

-3
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1.6 Transposes and Symmetric Matrices

Another basic operation on matrices is to interchange their rows and columns. If A is an
m X n matrix, then its transpose, denoted by AT, is the n x m matrix whose (i, j) entry
equals the (j,4) entry of A; thus

T
B=A means that bij =aj;.

For example, if

1 4
A—(i g 2), then AT =12 5
3 6

Observe that the rows of A become the columns of A7 and vice versa. In particular, the

transpose of a row vector is a column vector, while the transpose of a column vector is a
1

row vector; if v.= [ 2 |, then vI'= (1 2 3). The transpose of a scalar, considered as a
3

1 x 1 matrix, is itself: ¢7 = c.

Remark. Most vectors appearing in applied mathematics are column vectors. To
conserve vertical space in this text, we will often use the transpose notation, e.g.,
U1
T .
vV = (111, Vg, v3) , as a compact way of writing the column vector v = | v,
U3
In the square case, transposition can be viewed as “reflecting” the matrix entries across
the main diagonal. For example,

1 2 —1\" 1 3 —2
3 0 5| = 2 0 —4
2 —4 8 15 8

In particular, the transpose of a lower triangular matrix is upper triangular and vice-versa.
Transposing twice returns you to where you started:

(ATYT = A, (1.53)

Unlike inversion, transposition is compatible with matrix addition and scalar multiplica-
tion:

(A+B)T = AT + BT, (cA)T =cAT. (1.54)
Transposition is also compatible with matrix multiplication, but with a twist. Like the
inverse, the transpose reverses the order of multiplication:

(AB)T = BT AT, (1.55)

Indeed, if A has size m x n and B has size n x p, so they can be multiplied, then A” has
size n x m and B” has size p x n, and so, in general, one has no choice but to multiply
BT AT in that order. Formula (1.55) is a straightforward consequence of the basic laws of
matrix multiplication. More generally,

(A1A2 T Ak—lAk)T = AgAg—l T AQTA{'
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An important special case is the product of a row vector v?' and a column vector w with
the same number of entries. In this case,

viw = (viw)T = wlv, (1.56)
because their product is a scalar and so, as noted above, equals its own transpose.

Lemma 1.32. If A is a nonsingular matrix, so is AT, and its inverse is denoted by
AT = (AT =T, (1.57)

Thus, transposing a matrix and then inverting yields the same result as first inverting and
then transposing.

Proof: Let X = (A~1)T. Then, according to (1.55),
XAT = (A H)TAT = (AaHT =17 = 1.
The proof that AT X = T is similar, and so we conclude that X = (AT)~1. Q.E.D.

Exercises
5 0 2

1 2 1 2 -1
(c) (% %) (d) (% : _é) (e) (1 2 =3), (f) (g é) () (? : ;)

1.6.1. Write down the transpose of the following matrices: (a) (1 ), (b) (1 ! ),

1 2 1 3.
and (B A)T without first computing AB or B A.

-1 2
1.6.2. Let A= (3 -1 71), B = ( 2 0). Compute AT and BT. Then compute (AB)T

1.6.3. Show that (AB)T = AT BT if and only if A and B are square commuting matrices.
$ 1.6.4. Prove formula (1.55).

1.6.5. Find a formula for the transposed product (ABC)T in terms of AT, BT and C”.
1.6.6. True or false: Every square matrix A commutes with its transpose AT,

$ 1.6.7. A square matrix is called normal if it commutes with its transpose: AT A= AAT.
Find all normal 2 x 2 matrices.

1.6.8.(a) Prove that the inverse transpose operation (1.57) respects matrix multiplication:

(AB)™T = A=TB~T. (b) Verify this identity for A = (} _é), B = (? })
1.6.9. Prove that if A is an invertible matrix, then AAT and AT A are also invertible.

1.6.10. If v, w are column vectors with the same number of entries, does v wl =wvl?

1.6.11. Is there a matrix analogue of formula (1.56), namely ATB =BT A?

{ 1.6.12.(a) Let A be an m X n matrix. Let e; denote the 1 X n column vector with a single 1
in the j*h entry, as in (1.44). Explain why the product Aej equals the jth column of A.
(b) Similarly, let €; be the 1 x m column vector with a single 1 in the ith entry. Explain
why the triple product éiTAej = a;; equals the (4,7) entry of the matrix A.
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& 1.6.13. Let A and B be m x n matrices. (a) Suppose that vIAw = vI'Bw for all vectors
v,w. Prove that A = B. (b) Give an example of two matrices such that v Av = vl Bv
for all vectors v, but A # B.

¢ 1.6.14.(a) Explain why the inverse of a permutation matrix equals its transpose: P~1 = pPT.
(b) 1If A=t = AT is A necessarily a permutation matrix?

{ 1.6.15. Let A be a square matrix and P a permutation matrix of the same size. (a) Explain
why the product APT has the effect of applying the permutation defined by P to the

columns of A. (b) Explain the effect of multiplying PAPT. Hint: Try this on some 3 x 3
examples first.

© 1.6.16. Let v,w be n x 1 column vectors. (a) Prove that in most cases the inverse of the n x n
matrix A = I — vw’ has the form A~ = I — cvw’ for some scalar c. Find all v, w for

which such a result is valid. (b) Illustrate the method when v = (é) and w = <_§ )

(¢) What happens when the method fails?

Factorization of Symmetric Matrices

A particularly important class of square matrices consists of those that are unchanged by
the transpose operation.

Definition 1.33. A matrix is called symmetric if it equals its own transpose: A = AT,

Thus, A is symmetric if and only if it is square and its entries satisfy a;; = a;; for all

1,j. In other words, entries lying in “mirror image” positions relative to the main diagonal
must be equal. For example, the most general symmetric 3 x 3 matrix has the form

a b ¢
A= b d e
c e f

Note that all diagonal matrices, including the identity, are symmetric. A lower or upper
triangular matrix is symmetric if and only if it is, in fact, a diagonal matrix.

The LDV factorization of a nonsingular matrix takes a particularly simple form if
the matrix also happens to be symmetric. This result will form the foundation of some
significant later developments.

Theorem 1.34. A symmetric matrix A is regular if and only if it can be factored as
A=LDL", (1.58)

where L is a lower unitriangular matrix and D is a diagonal matrix with nonzero diagonal
entries.

Proof: We already know, according to Theorem 1.29, that we can factor
A=LDV. (1.59)
We take the transpose of both sides of this equation:
AT = (LD =vIDTLT =VvTDL”, (1.60)
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since diagonal matrices are automatically symmetric: DT = D. Note that V7 is lower
unitriangular, and LT is upper unitriangular. Therefore (1.60) is the L DV factorization
of AT,

In particular, if A is symmetric, then
LDV =A=A"=Vv'DL".
Uniqueness of the L DV factorization implies that
L=v" and V=L"

(which are two versions of the same equation). Replacing V by LT in (1.59) establishes
the factorization (1.58). Q.E.D.

Remark. If A= LDL”, then A is necessarily symmetric. Indeed,
AT = (LD LT = (L"TDTLT = LD LT = A.

However, not every symmetric matrix has an L D LT factorization. A simple example is

the irregular but nonsingular 2 x 2 matrix <? é)

Example 1.35. The problem is to find the L D LT factorization of the particular sym-

1 2 1
metric matrix A = | 2 6 1 |. This requires performing the usual Gaussian Elimination
1 1 4
algorithm. Subtracting twice the first row from the second and also the first row from the
1 2 1
third produces the matrix [ 0 2 —1 |. We then add one half of the second row of the
0 -1 3
latter matrix to its third row, resulting in the upper triangular form
1 2 1 1 0 0 1 2 1
U=10 2 —-1]=({0 2 0 01 —3 | =DV,
5 5
0 0 3 00 3 0 0 1
which we further factor by dividing each row of U by its pivot. On the other hand, the lower
1 0 0
unitriangular matrix associated with the preceding row operations is L = | 2 1 0],
1 =11
2

which, as guaranteed by Theorem 1.34, is the transpose of V = LT. Therefore, the desired
A= LU = LDL" factorizations of this particular symmetric matrix are

1 2 1 1 0 0 1 2 1 1 0 0 1 0 0 1 2 1
2 6 1|=|2 1 0 0 2 —-1]|=|2 1 0 0 2 0 Ol*%
1 5 1 5
1 1 4 1 -5 1 00 3 1 -5 1 0 0 3 0 0 1
Example 1.36. Let us look at a general 2 x 2 symmetric matrix A = <(Z ZC))
Regularity requires that the first pivot be a # 0. A single row operation will place A
a b
in upper triangular form U = < ac— b2 ), and so A is regular provided ac — b? # 0
0

a
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10
also. The associated lower triangular matrix is L = ( b ) Thus, A = LU, as you can
1

a

0
b2 ) is just the diagonal part of U, and hence U = DL”,

a
check. Finally, D = <0 ac—
a
so that the L D LT factorization is explicitly given by

a by _[1 0y fa O 10
(b c><2 1) (0 acab2> (0 1>. (1.61)

Exercises

1.6.17. Find all values of a, b, and ¢ for which the following matrices are symmetric:
(a) < 3 a > (b) (—11 b 3) (c) ( : T b——4c)
Za—1 a=2) b 3 0) —a+b+tec 1 b+3c)
1.6.18. List all symmetric (a) 3 x 3 permutation matrices, (b) 4 X 4 permutation matrices.
1.6.19. True or false: If A is symmetric, then A% s symmetric.
$ 1.6.20. True or false: If A is a nonsingular symmetric matrix, then A=Y s also symmetric.
$ 1.6.21. True or false: If A and B are symmetric n X n matrices, so is A B.

1.6.22.(a) Show that every diagonal matrix is symmetric. (b) Show that an upper (lower)
triangular matrix is symmetric if and only if it is diagonal.

1.6.23. Let A be a symmetric matrix. (a) Show that A™ is symmetric for every nonnegative
integer n. (b) Show that 242 — 34 + 1 is symmetric. (¢) Show that every matrix
polynomial p(A) of A, cf. Exercise 1.2.35, is a symmetric matrix.

1.6.24. Show that if A is any matrix, then K = AT A and L = AAT are both well-defined,
symmetric matrices.

1.6.25. Find the LD LT factorization of the following symmetric matrices:

L1 1 1 -1 0 3
1 1 —2 3 —1 2 2 0
@ (i) w33 © (j 3 3), @ |4 220
3 0 0 1
1.6.26. Find the LD L™ factorization of the matrices
2 1 0 0
2 1 2 10 1 2 1 0
1\42:<1 2), My = (1) 2 % and My=|o 1 o 1
0 0 1 2
1 2 1
{ 1.6.27. Prove that the 3 x 3 matrix A = | 2 4 —1 | cannot be factored as A = LDL”.
1 -1 3
© 1.6.28. Skew-symmetric matrices: An n x n matrix J is called skew-symmetric if JT = —J.

(a) Show that every diagonal entry of a skew-symmetric matrix is zero. (b) Write down

an example of a nonsingular skew-symmetric matrix. (¢) Can you find a regular skew-
symmetric matrix? (d) Show that if J is a nonsingular skew-symmetric matrix, then J ! is
also skew-symmetric. Verify this fact for the matrix you wrote down in part (b). (e) Show
that if J and K are skew-symmetric, then so are JT, J+ K, and J — K. What about J K?
(f) Prove that if J is a skew-symmetric matrix, then vZ.J v = 0 for all vectors v € R".
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1.6.29.(a) Prove that every square matrix can be expressed as the sum, A = S + J, of a

symmetric matrix S = ST and a skew-symmetric matrix J = — JT.

1 2 3
(b) Write <:1)) Z) and (4 5 6) as the sum of symmetric and skew-symmetric matrices.
7 8 9

{ 1.6.30. Suppose A = LU is a regular matrix. Write down the LU factorization of AT, Prove
that A7 is also regular, and its pivots are the same as the pivots of A.

1.7 Practical Linear Algebra

For pedagogical and practical reasons, the examples and exercises we have chosen to illus-
trate the algorithms are all based on relatively small matrices. When dealing with matrices
of moderate size, the differences between the various approaches to solving linear systems
(Gauss, Gauss—Jordan, matrix inverse, and so on) are relatively unimportant, particularly
if one has a decent computer or even hand calculator to do the tedious parts. However,
real-world applied mathematics deals with much larger linear systems, and the design of
efficient algorithms is a must. For example, numerical solution schemes for ordinary differ-
ential equations will typically lead to matrices with thousands of entries, while numerical
schemes for partial differential equations arising in fluid and solid mechanics, weather pre-
diction, image and video processing, quantum mechanics, molecular dynamics, chemical
processes, etc., will often require dealing with matrices with more than a million entries.
It is not hard for such systems to tax even the most sophisticated supercomputer. Thus, it
is essential that we understand the computational details of competing methods in order
to compare their efficiency, and thereby gain some experience with the issues underlying
the design of high performance numerical algorithms.

The most basic question is this: how many arithmetic operations! — in numerical
applications these are almost always performed in floating point with various precision
levels — are required to complete an algorithm? The number will directly influence the
time spent running the algorithm on a computer. We shall keep track of additions and
multiplications separately, since the latter typically take longer to process.? But we shall
not distinguish between addition and subtraction, nor between multiplication and division,
since these typically have the same complexity. We shall also assume that the matrices
and vectors we deal with are generic, with few, if any, zero entries. Modifications of the
basic algorithms for sparse matrices, meaning those that have lots of zero entries, are an
important topic of research, since these include many of the large matrices that appear
in applications to differential equations. We refer the interested reader to more advanced
treatments of numerical linear algebra, such as [21, 40, 66, 89], for such developments.

First, when multiplying an n x n matrix A and an n x 1 column vector b, each entry
of the product Ab requires n multiplications of the form a,; b; and n —1 additions to sum
the resulting products. Since there are n entries, this means a total of n? multiplications

t For simplicity, we will count only the basic arithmetic operations. But it is worth noting
that other issues, such as the number of storage and retrieval operations, may also play a role in
estimating the computational complexity of a numerical algorithm.

POAt least, in traditional computer architectures. New algorithms and new methods for per-
forming basic arithmetic operations on a computer, particularly in high precision arithmetic, make
this discussion trickier. For simplicity, we will stay with the “classical” version here.
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and n(n — 1) = n? — n additions. Thus, for a matrix of size n = 100, one needs about

10,000 distinct multiplications and a similar number of additions. If n = 1,000,000 = 109,
then n? = 10'2, which is phenomenally large, and the total time required to perform the
computation becomes a significant issue .

Let us next look at the (regular) Gaussian Elimination algorithm, referring back to
our pseudocode program for the notational details. First, we count how many arithmetic
operations are based on the jth pivot m;;. For each of the n — j rows lying below it, we
must perform one division to compute the factor [;; = m,;/m,; used in the elementary
row operation. The entries in the column below the pivot will be set to zero automatically,
and so we need only compute the updated entries lying strictly below and to the right of
the pivot. There are (n — j)? such entries in the coefficient matrix and an additional n — j
entries in the last column of the augmented matrix. Let us concentrate on the former for
the moment. For each of these, we replace m,;, by m;, —1;;m;;, and so must perform one
multiplication and one addition. For the jth pivot, there is a total of (n — j)(n —j + 1)
multiplications — including the initial n — j divisions needed to produce the [;; — and
(n — j)? additions needed to update the coefficient matrix. Therefore, to reduce a regular
n X n matrix to upper triangular form requires a total® of

n 3
Z (n—j)n—j+1)= " 3 " multiplications, and
j=1
1.62
& o 213 —=3n%+n . (1.62)
Z (n—j) = 6 additions.
j=1

Thus, when n is large, both involve approximately én3 operations.
We should also be keeping track of the number of operations on the right-hand side of
the system. No pivots appear there, and so there are
n 2

Sm-i="," (1.63)

Jj=1
multiplications and the same number of additions required to produce the right-hand side
in the resulting triangular system U x = c. For large n, this count is considerably smaller
than the coefficient matrix totals (1.62). We note that the Forward Substitution equations
(1.26) require precisely the same number of arithmetic operations to solve Lc = b for the
right-hand side of the upper triangular system. Indeed, the j* equation

j—1
k=1

requires j — 1 multiplications and the same number of additions, giving a total of
n 2

Y G-n=",

j=1
operations of each type. Therefore, to reduce a linear system to upper triangular form,
it makes no difference in computational efficiency whether one works directly with the

T See Exercise 1.7.8 for more sophisticated computational algorithms that can be employed to
(slightly) speed up multiplication of large matrices.

¥ In Exercise 1.7.4, the reader is asked to prove these summation formulaes by induction.
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augmented matrix or employs Forward Substitution after the LU factorization of the co-
efficient matrix has been established.

The Back Substitution phase of the algorithm can be similarly analyzed. To find the

value of
1 n
T, = c; — Z Uy T
J w.. \ I ik "k

JJ k=j+1
once we have computed = j41r -0 Ty, Tequires n—j+1 multiplications/divisions and n — j
additions. Therefore, Back Substitution requires

n 2
Z (n—j+1)= " 2+n multiplications, along with
j=1
- Y (L.64)
Z (n—j)= 9 additions.
j=1

For n large, both of these are approximately equal to énQ. Comparing the counts, we

conclude that the bulk of the computational effort goes into the reduction of the coefficient
matrix to upper triangular form.

Combining the two counts (1.63-64), we discover that, once we have computed the
A = LU decomposition of the coefficient matrix, the Forward and Back Substitution
process requires n? multiplications and n? — n additions to solve a linear system Ax = b.
This is exactly the same as the number of multiplications and additions needed to compute
the product A='b. Thus, even if we happen to know the inverse of A, it is still just as
efficient to use Forward and Back Substitution to compute the solution!

On the other hand, the computation of A~! is decidedly more inefficient. There are two
possible strategies. First, we can solve the n linear systems (1.45), namely

Ax =e;, i=1,...,n, (1.65)

for the individual columns of A~!. This requires first computing the LU decomposition,
which uses about :1,) n? multiplications and a similar number of additions, followed by apply-
ing Forward and Back Substitution to each of the systems, using n-n? = n? multiplications
and n(n? —n) ~ n?® additions, for a grand total of about gn?’ operations of each type in
order to compute A~!. Gauss—Jordan Elimination fares no better (in fact, slightly worse),
also requiring about the same number, §n3, of each type of arithmetic operation. Both
algorithms can be made more efficient by exploiting the fact that there are lots of zeros
on the right-hand sides of the systems (1.65). Designing the algorithm to avoid adding
or subtracting a preordained 0, or multiplying or dividing by a preordained +1, reduces
the total number of operations required to compute A~! to exactly n? multiplications and
n(n—1)? ~ n3 additions. (Details are relegated to the exercises.) And don’t forget that we
still need to multiply A~!b to solve the original system. As a result, solving a linear system
with the inverse matrix requires approximately three times as many arithmetic operations,
and so would take three times as long to complete, as the more elementary Gaussian Elim-
ination and Back Substitution algorithm. This justifies our earlier contention that matrix
inversion is inefficient, and, except in very special situations, should never be used for
solving linear systems in practice.
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Exercises

1.7.1. Solve the following linear systems by (i) Gaussian Elimination with Back Substitution;
(ii) the Gauss—Jordan algorithm to convert the augmented matrix to the fully reduced
form ( I | x) with solution x; (i%7) computing the inverse of the coefficient matrix,
and then multiplying it by the right-hand side. Keep track of the number of arithmetic
operations you need to perform to complete each computation, and discuss their relative

efficiency. , \ 9% — 4y + 6z =6, v — 3y _,
€T — =
(a) 3 er . (b) 3x—3y+4z=-1, (¢) 3x—Ty+5z=-1,
x =T,
Y —4dx+3y—4z =25, —2x+6y—5z=0.

1.7.2.(a) Let A be an n x n matrix. Which is faster to compute, A% or A7? Justify
your answer. (b) What about A3 versus A71? (¢) How many operations are needed

to compute A*? Hint: When k > 3, you can get away with less than & — 1 matrix
multiplications!

1.7.3. Which is faster: Back Substitution or multiplying a matrix by a vector? How much faster?
& 1.7.4. Use induction to prove the summation formulas (1.62), (1.63) and (1.64).

© 1.7.5. Let A be a general n x n matrix. Determine the exact number of arithmetic operations
needed to compute A™! using (a) Gaussian Elimination to factor PA = LU and then
Forward and Back Substitution to solve the n linear systems (1.65); (b) the Gauss—
Jordan method. Make sure your totals do not count adding or subtracting a known 0, or
multiplying or dividing by a known +1.

1.7.6. Count the number of arithmetic operations needed to solve a system the “old-fashioned”
way, by using elementary row operations of all three types, in the same order as the Gauss—

Jordan scheme, to fully reduce the augmented matrix M = (A | b) to the form ( I d),
with x = d being the solution.

1.7.7. An alternative solution strategy, also called Gauss—Jordan in some texts, is, once a pivot
is in position, to use elementary row operations of type #1 to eliminate all entries both
above and below it, thereby reducing the augmented matrix to diagonal form (D | c)
where D = diag(dy,...,d,,) is a diagonal matrix containing the pivots. The solutions
x; = ¢;/d; are then obtained by simple division. Is this strategy more efficient, less efficient,

or the same as Gaussian Elimination with Back Substitution? Justify your answer with an
exact operations count.

© 1.7.8. Here, we describe a remarkable algorithm for matrix multiplication discovered by

_ (A A _ (B B _ (G Gy _
Strassen, [82]. LetA—(A3 A4>’B_(B3 B, ,and C' = C; = AB

be block matrices of size n = 2m, where all blocks are of size m x m. (a) Let D; =

(A + Ay)(By + By), Dy = (A} — A3)(By + By), D3 = (A — Ay) (Bs + By),

Dy = (A + A3) By, Dy = (A3+ Ay) By, Dg= Ay (B, — B3), Dy = A;(By — By). Show
that C; = Dy + D3 — Dy — Dy, Cy =Dy +D,, Cq=Ds— Dy, Cy =Dy —Dy— D5+ D,.
(b) How many arithmetic operations are required when A and B are 2 X 2 matrices? How

does this compare with the usual method of multiplying 2 x 2 matrices?

(¢) In the general case, suppose we use standard matrix multiplication for the matrix
products in Dy, ..., D,. Prove that Strassen’s Method is faster than the direct algorithm
for computing A B by a factor of ~ g (d) When A and B have size n X n with n = 27,
we can recursively apply Strassen’s Method to multiply the 27~ % 2771 plocks A;, B;.

Prove that the resulting algorithm requires a total of 7" = n'°82 7 = n2-80735 myltiplications
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and 6 (7771 —4"71) < 7" = nl°®27 additions/subtractions, versus n® multiplications and
n® —n? ~ n? additions for the ordinary matrix multiplication algorithm. How much faster
is Strassen’s Method when n = 2107 2257 21007 (e) How might you proceed if the size of
the matrices does not happen to be a power of 27 Further developments of these ideas can
be found in [11, 40].

Tridiagonal Matrices

Of course, in special cases, the actual arithmetic operation count might be considerably
reduced, particularly if A is a sparse matrix with many zero entries. A number of specialized
techniques have been designed to handle sparse linear systems. A particularly important
class consists of the tridiagonal matrices

q T
P1 Q4 Ty
p q r
A= L (1.66)

Pp—o dp—1 Tp—1

Prn—1 ap
with all entries zero except for those on the main diagonal, namely a,; = ¢;, the subdi-
agonal, meaning the n — 1 entries a,,,; ; = p, immediately below the main diagonal, and
the superdiagonal, meaning the entries a, ;,; = r; immediately above the main diagonal.
(Blanks are used to indicate 0 entries.) Such matrices arise in the numerical solution of
ordinary differential equations and the spline fitting of curves for interpolation and com-
puter graphics. If A = LU is regular, it turns out that the factors are lower and upper
bidiagonal matrices, of the form

1 dy  uy
L1 dy u,
l 1 dy U
L= R , U= T . (167)
ln72 1 dnfl Uy 1
ln—l 1 dn
Multiplying out LU and equating the result to A leads to the equations
dy = qy, Uy =Tp, lydy =pq,
Liuy +dy = gy, Uy = Tg, lydy = py,
lj—luj—l +dj =4;, U; =71, ljdj =Pj (1.68)
ln72 un72 + dnfl = qn717 unfl = Tnfl’ lnfl dnfl = pn717

ln—l Up—1 + dn = qp-
These elementary algebraic equations can be successively solved for the entries of L and U
in the following order: dy,u,,l;, dy, Us, 15, dg,us ... . The original matrix A is regular pro-
vided none of the diagonal entries d;, ds, ... are zero, which allows the recursive procedure
to successfully proceed to termination.
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Once the LU factors are in place, we can apply Forward and Back Substitution to solve
the tridiagonal linear system Ax = b. We first solve the lower triangular system Lc = b
by Forward Substitution, which leads to the recursive equations

¢, =by, Cy =by — 1 ¢y, ¢, =b,—1, ¢ (1.69)

n n n—1"*n—1-
We then solve the upper triangular system U x = ¢ by Back Substitution, again recursively:

— U Z Ci — U T
_ “n _ n—1 n—1"n _“ 1+2
x, = , Tpy_q = , Ty = d . (1.70)
1

As you can check, there are a total of 5n — 4 multiplications/divisions and 3n — 3 addi-

tions/subtractions required to solve a general tridiagonal system of n linear equations —
a striking improvement over the general case.

Example 1.37. Consider the n x n tridiagonal matrix

4 1
1 4
1

— s
e~ =
—

in which the diagonal entries are all ¢; = 4, while the entries immediately above and below
the main diagonal are all p, = r, = 1. According to (1.68), the tridiagonal factorization
(1.67) has uy =uy = -+ =wu,_; =1, while

d, =4, L, =1/d, di, =4-1, j=1,2,...,n—1.

The computed values are

j \ 1 2 3 4 5 6 7
d; | 4.0 3.75 3.733333  3.732143  3.732057  3.732051  3.732051
l. 25 266666 267857 267942 267948 267949 .267949

J

These converge rapidly to

d — 2+/3 =3.732050. .. , L — 2—/3=.267949. ..,
which makes the factorization for large n almost trivial. The numbers 2 + V/3 are the roots
of the quadratic equation 22 — 42 + 1 = 0, and are characterized as the fixed points of the
nonlinear iterative system d; ; =4 —1/d;.
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Exercises
1.7.9. For each of the following tridiagonal systems find the LU factorization of the coefficient
1 2 0 4
matrix, and then solve the system. (a) | -1 -1 1 |x=| -1,
0 -2 3 —6
1 -1 00 1 1 2 0 0 0
-1 2 10| _|o -1 -3 0 0] _|-2
B 1 s X le @ 0 21 o4 1 XT3
0 0 -5 6 7 0 0 -1 -1 1

1.7.10. True or false: (a) The product of two tridiagonal matrices is tridiagonal.
(b) The inverse of a tridiagonal matrix is tridiagonal.

1.7.11.(a) Find the LU factorization of the n x n tridiagonal matrix A, with all 2’s along the
diagonal and all —1’s along the sub- and super-diagonals for n = 3,4, and 5. (b) Use
your factorizations to solve the system A, x = b, where b = (1,1,1,..., 1)T. (c) Can
you write down the LU factorization of A, for general n? Do the entries in the factors

approach a limit as n gets larger and larger? (d) Can you find the solution to the system

A, x=b=(1,1,1,. ..,l)T for general n?
& 1.7.12. Answer Exercise 1.7.11 if the super-diagonal entries of A, are changed to +1.
41 0 1 4 1 0 0 1
4 1 1 141 0 1 41 0 0
# 1.7.13. Find the LU factorizations of 1 4 1], 10 1 4 1 0
0 1 4 1
1 1 4 10 1 4 00 1 4 1
0 0 1 4
Do you see a pattern? Try the 6 x 6 version. The following exercise should now be clear.
9 " b
Py q@2 T2
b3 43 T3
© 1.7.14. A tricirculant matriz C = . . . is tridiagonal except

Pp—1 dp—1 Tp—1
for its (1,n) and (n, 1) entries. Tricirculant matrices arise in the numerical solution of
periodic boundary value problems and in spline interpolation.
(a) Prove that if C'= LU is regular, its factors have the form

1 dy  uy vy
o1 dy Uy Vg
Iy 1 3 Ug U3
l3 1 . .

) c.
! dn—2 Up_g VUp_2
ln*Q 1 dnfl Up—1
my Mg Mg ... My, o L, 1 1 dy,

(b) Compute the LU factorization of the n x n tricirculant matrix

1 -1 1
—1 2 -1
—1 3 -1
C, = . . . for n = 3,5, and 6. What goes wrong when n = 47
-1 n—1 -1
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Q 1.7.15. A matrix A is said to have bandwidth k if all entries that are more than k slots away
from the main diagonal are zero: a;; = 0 whenever [i — j| > k. (a) Show that a tridiagonal
matrix has band width 1. (b) Write down an example of a 6 x 6 matrix of band width 2
and one of band width 3. (c¢) Prove that the L and U factors of a regular banded matrix
have the same band width. (d) Find the LU factorization of the matrices you wrote down
in part (b). (e) Use the factorization to solve the system Ax = b, where b is the column
vector with all entries equal to 1. (f) How many arithmetic operations are needed to solve
Ax = b if A is banded? (g) Prove or give a counterexample: the inverse of a banded
matrix is banded.

Pivoting Strategies

Let us now investigate the practical side of pivoting. As we know, in the irregular situations
when a zero shows up in a diagonal pivot position, a row interchange is required to proceed
with the elimination algorithm. But even when a nonzero pivot element is in place, there
may be good numerical reasons for exchanging rows in order to install a more desirable
element in the pivot position. Here is a simple example:

Olx+1.6y=32.1, x+ .6y =22 (1.71)
The exact solution to the system is easily found:
z = 10, y = 20.

Suppose we are working with a very primitive calculator that only retains 3 digits of
accuracy. (Of course, this is not a very realistic situation, but the example could be
suitably modified to produce similar difficulties no matter how many digits of accuracy our
computer is capable of retaining.) The augmented matrix is

01 1.6 | 32.1
1 .6 22 )

Choosing the (1,1) entry as our pivot, and subtracting 100 times the first row from the
second produces the upper triangular form

.01 1.6 32.1
0 —1594 | —3188 /)"

Since our calculator has only three—place accuracy, it will round the entries in the second
row, producing the augmented coefficient matrix

.01 1.6 32.1
0 —159.0 | —3190 /"
The solution by Back Substitution gives

y = 3190/159 = 20.0628 ... ~ 20.1, and then
x=100(32.1—1.6y) =100 (32.1 — 32.16) ~ 100 (32.1 — 32.2) = —10.

The relatively small error in y has produced a very large error in  — not even its sign is
correct!

The problem is that the first pivot, .01, is much smaller than the other element, 1, that
appears in the column below it. Interchanging the two rows before performing the row
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Gaussian Elimination With Partial Pivoting

start
for i=1 ton
set r(i) =1
next ¢
for j=1 ton
if m,q ; =0 for all i >j, stop; print “A is singular”

(i
choose( ¢ >j such that m,g ; is maximal
interchange 7 (i) <— 7(j)
for i=35+4+1 ton

set L) = M)/ M)
for k=741 ton+1
et My(iye = Mr(iyk — Lo(i)i M)k
next k
next i
next j

end

operation would resolve the difficulty — even with such an inaccurate calculator! After

the interchange, we have
1 6 22
01 16 | 32.1)°

which results in the rounded-off upper triangular form

1 6 22 N 1 6 22
0 1.594 | 31.88 - 0 159 | 319 )"

The solution by Back Substitution now gives a respectable answer:
y =31.9/1.59 = 20.0628 ... ~ 20.1, r=22—6y=22—-12.06 ~ 22—12.1=9.9.

The general strategy, known as Partial Pivoting, says that at each stage, we should
use the largest (in absolute value) legitimate (i.e., in the pivot column on or below the
diagonal) element as the pivot, even if the diagonal element is nonzero. Partial Pivoting
can help suppress the undesirable effects of round-off errors during the computation.

In a computer implementation of pivoting, there is no need to waste processor time
physically exchanging the row entries in memory. Rather, one introduces a separate array
of pointers that serve to indicate which original row is currently in which permuted position.
More concretely, one initializes n row pointers r(1) = 1,...,7(n) = n. Interchanging
row ¢ and row j of the coefficient or augmented matrix is then accomplished by merely
interchanging r(¢) and r(j). Thus, to access a matrix element that is currently in row 4 of
the augmented matrix, one merely retrieves the element that is in row r(¢) in the computer’s
memory. An explicit implementation of this strategy is provided in the accompanying
pseudocode program.
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Partial pivoting will solve most problems, although there can still be difficulties. For
instance, it does not accurately solve the system

102 + 1600y = 32100,  x+ .6y = 22,

obtained by multiplying the first equation in (1.71) by 1000. The tip-off is that, while the
entries in the column containing the pivot are smaller, those in its row are much larger. The
solution to this difficulty is Full Pivoting, in which one also performs column interchanges
— preferably with a column pointer — to move the largest legitimate element into the
pivot position. In practice, a column interchange amounts to reordering the variables in
the system, which, as long as one keeps proper track of the order, also doesn’t change the
solutions. Thus, switching the order of z, y leads to the augmented matrix

1600 10 | 32100
6 1 22 )

in which the first column now refers to y and the second to x. Now Gaussian Elimination
will produce a reasonably accurate solution to the system.

Finally, there are some matrices that are hard to handle even with sophisticated pivoting
strategies. Such ill-conditioned matrices are typically characterized by being “almost”
singular. A famous example of an ill-conditioned matrix is the n x n Hilbert matriz

1 1 1 1 1

2 3 4 n
1 1 1 1 1
2 3 4 5 n+1
1 1 1 1 1
3 4 5 6 n+2
4 5 6 7 n+3
1 1 1 1 1
n n+l n+2 n+3 7 2n-—-1

Later, in Proposition 3.40, we will prove that H,, is nonsingular for all n. However, the solu-
tion of a linear system whose coefficient matrix is a Hilbert matrix H,,, even for moderately
large n, is a very challenging problem, even using high precision computer arithmetic’. This
is because the larger n is, the closer H,, is, in a sense, to being singular. A full discussion
of the so-called condition number of a matrix can be found in Section 8.7.

The reader is urged to try the following computer experiment. Fix a moderately large
value of n, say 20. Choose a column vector x with n entries chosen at random. Compute
b = H, x directly. Then try to solve the system H, x = b by Gaussian Elimination, and
compare the result with the original vector x. If you obtain an accurate solution with
n = 20, try n = 50 or 100. This will give you a good indicator of the degree of arithmetic
precision used by your computer hardware, and the accuracy of the numerical solution
algorithm(s) in your software.

f In computer algebra systems such as MAPLE and MATHEMATICA, one can use exact rational
arithmetic to perform the computations. Then the important issues are time and computational
efficiency. Incidentally, there is an explicit formula for the inverse of a Hilbert matrix, which
appears in Exercise 1.7.23.
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Exercises

1.7.16.(a) Find the exact solution to the linear system <1(1) 2’;) (z) = (—éOO) (b) Solve

the system using Gaussian Elimination with 2-digit rounding. (¢) Solve the system using
Partial Pivoting and 2-digit rounding. (d) Compare your answers and discuss.

1.7.17.(a) Find the exact solution to the linear system = — 5y — z = 1, é:c — gy +z =0,

22 —y = 3. (b) Solve the system using Gaussian Elimination with 4-digit rounding.

(¢) Solve the system using Partial Pivoting and 4-digit rounding. Compare your answers.
1.7.18. Answer Exercise 1.7.17 for the system

r+4y —3z = -3, 25x 4+ 97y — 35z = 39, 35x — 22y + 33z = —15.

1.7.19. Employ 2 digit arithmetic with rounding to compute an approximate solution of the

linear system 0.2x + 2y — 3z = 6, dx + 43y + 272z = 58, 3x + 23y — 42z = —87,

using the following methods: (a) Regular Gaussian Elimination with Back Substitution;

(b) Gaussian Elimination with Partial Pivoting; (¢) Gaussian Elimination with Full

Pivoting. (d) Compare your answers and discuss their accuracy.

1.7.20. Solve the following systems by hand, using pointers instead of physically interchanging

TN I B e Y
the rows: (a) [1 -1 1 yl=121|, (b Yl= ,
3 1 0 1 1 0 2 0 z 0
z -1 0 0 3)\w 1
3 -1 2 -1 T 1 0 -1 5 —1 T 1
6 -2 4 3lly] (2 1 -2 o0 1|ly]| |[|-2
@1 3 1 o =2||z|=1] D|2 3 3 —1||z]|=| 3|
—1 3 -2 0 w 1 2 0 1 -1 w 0
1.7.21. Solve the following systems using Partial Pivoting and pointers:
1 2 -1 T 1
1 5 x 3
@ (5 2)(0)=(3) o1 -2 1][v)=3].
2 3)\y 2 3 5 1) \z 1
; :g 8 _1 v _; 01 4 2\ [z 1
© | 7 ¢ 4 _o Z =l o0 @ 2 802 3|ly|=| 2|
s 0o 02 . 7 .03 250) \ 2 122

1.7.22. Use Full Pivoting with pointers to solve the systems in Exercise 1.7.21.

A 1.7.23. Let H,, be the n x n Hilbert matrix (1.72), and K, = H;l its inverse. It can be
proved, [40; p. 513], that the (i,7) entry of K, is

s () ()

!
where (Z = ( v k! is the standard binomial coefficient. (Warning. Proving this
'(n—k)!

formula is a nontrivial combinatorial challenge.) (a) Write down the inverse of the Hilbert
matrices Hy, H,, Hs using the formula or the Gauss—Jordan Method with exact rational
arithmetic. Check your results by multiplying the matrix by its inverse.

(b) Recompute the inverses on your computer using floating point arithmetic and compare
with the exact answers. (c) Try using floating point arithmetic to find K, and Ky,. Test
the answer by multiplying the Hilbert matrix by its computed inverse.

& 1.7.24.(a) Write out a pseudo-code algorithm, using both row and column pointers, for
Gaussian Elimination with Full Pivoting. (b) Implement your code on a computer, and
try it on the systems in Exercise 1.7.21.
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1.8 General Linear Systems

So far, we have treated only linear systems involving the same number of equations as
unknowns, and then only those with nonsingular coefficient matrices. These are precisely
the systems that always have a unique solution. We now turn to the problem of solving a
general linear system of m equations in n unknowns. The cases not treated as yet are non-
square systems, with m # n, as well as square systems with singular coefficient matrices.
The basic idea underlying the Gaussian Elimination algorithm for nonsingular systems can
be straightforwardly adapted to these cases, too. One systematically applies the same two
types of elementary row operation to reduce the coefficient matrix to a simplified form that
generalizes the upper triangular form we aimed for in the nonsingular situation.

Definition 1.38. An m x n matrix U is said to be in row echelon form if it has the
following “staircase” structure:

0o 0 ... 0 ® ... * * . .. * x k... %

0 0 0 0 0 ® * x *
U=

0 0 0 0 0 0 0| ® = .

0 0 0 0 0 0 0 0 0 0

0 0 ... 0 0 ... 0 0o ... ... 0 0 0 ... 0

The entries indicated by (%) are the pivots, and must be nonzero. The first r rows of U each
contain exactly one pivot, but not all columns are required to include a pivot entry. The
entries below the “staircase”, indicated by the solid line, are all zero, while the non-pivot
entries above the staircase, indicated by stars, can be anything. The last m — r rows are
identically zero, and do not contain any pivots. There may, in exceptional situations, be
one or more all zero initial columns. Here is an explicit example of a matrix in row echelon
form: 3 1 04 5 -7

0 -1 -2 1 8 0

0O 0 00 2 —4

0O 0 0 0 0 O

The three pivots are the first nonzero entries in the three nonzero rows, namely, 3, —1, 2.

Slightly more generally, U may have several initial columns consisting of all zeros. An
example is the row echelon matrix

00 3 5 -2 0
0000 5 3
0000 0 =7)
0000 0 O

which also has three pivots. The latter matrix corresponds to a linear system in which the
first two variables do not appear in any of the equations. Thus, such row echelon forms
almost never appear in applications.
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Proposition 1.39. Every matrix can be reduced to row echelon form by a sequence of
elementary row operations of types #1 and #2.

In matrix language, Proposition 1.39 implies that if A is any m X n matrix, then there
exists an m X m permutation matrix P and an m x m lower unitriangular matrix L such
that

PA=LU, (1.73)

where U is an m X n row echelon matrix. The factorization (1.73) is not unique. Observe
that P and L are square matrices of the same size, while A and U are rectangular, also of
the same size. As with a square matrix, the entries of L below the diagonal correspond to
the row operations of type #1, while P keeps track of row interchanges. As before, one
can keep track of row interchanges with a row pointer.

A constructive proof of this result is based on the general Gaussian Elimination algo-
rithm, which proceeds as follows. Starting on the left of the matrix, one searches for the
first column that is not identically zero. Any of the nonzero entries in that column may
serve as the pivot. Partial pivoting indicates that it is probably best to choose the largest
one, although this is not essential for the algorithm to proceed. One places the chosen
pivot in the first row of the matrix via a row interchange, if necessary. The entries below
the pivot are made equal to zero by the appropriate elementary row operations of type #1.
One then proceeds iteratively, performing the same reduction algorithm on the submatrix
consisting of all entries strictly to the right and below the pivot. The algorithm terminates
when either there is a nonzero pivot in the last row, or all of the rows lying below the last
pivot are identically zero, and so no more pivots can be found.

Example 1.40. The easiest way to learn the general Gaussian Elimination algorithm is
to follow through an illustrative example. Consider the linear system
r+3y+2z—u =a,
2¢+6y+z+4u+3v=0,
—rz—-3y—3z+3u+tv=c,
3x+9y+8z—Tu+2v=d,

(1.74)

of 4 equations in 5 unknowns, where a, b, ¢, d are given numbers’. The coefficient matrix is

1 3 2 -1 0
2 6 1 4 3
A= 1 o a2 3 1] (1.75)

3 9 8 -7 2
To solve the system, we introduce the augmented matrix

1 3 2 -1 0] a

2 6 1 4 3 b
-1 -3 -3 3 1 c|’

3 9 8§ =7 2 1d

obtained by appending the right-hand side of the system. The upper left entry is nonzero,
and so can serve as the first pivot. We eliminate the entries below it by elementary row

T It will be convenient to work with the right-hand side in general form, although the reader
may prefer, at least initially, to assign numerical values to a, b, c, d.
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operations, resulting in

1 3 2 -1 0 a

0 0 -3 6 3 b—2a
0 0 -1 2 1 c+a
0 0 2 —4 2 d—3a

Now, the second column contains no suitable nonzero entry to serve as the second pivot.
(The top entry already lies in a row containing a pivot, and so cannot be used.) Therefore,
we move on to the third column, choosing the (2, 3) entry, —3, as our second pivot. Again,
we eliminate the entries below it, leading to

3 2 =1 0 a

0 -3 6 3 b—2a
1 5

0 0 c—3b+3a

0

1
0
0 0
0 0 4 1 d+3b—Ya

0
0
The fourth column has no pivot candidates, and so the final pivot is the 4 in the fifth

column. We interchange the last two rows in order to place the coefficient matrix in row
echelon form:

13 2 -10|a
00 -3 6 3| 0b—2a

00 0 04 |d+2b-"al (1.76)
00 0 00 |c—1b+3a

There are three pivots, 1,—3, and 4, sitting in positions (1,1), (2,3), and (3,5). Note
the staircase form, with the pivots on the steps and everything below the staircase being
zero. Recalling the row operations used to construct the solution (and keeping in mind
that the row interchange that appears at the end also affects the entries of L), we find the
factorization (1.73) takes the explicit form

1 0 0 0 1 3 2 -1 0 1 0 0 0 13 2 -1 0
01 00 2 6 1 4 31 2 100 0 0 -3 6 3
0 0 0 1 -1 -3 -3 3 1] 3 —3 10 00 0 o0 4
0 010 39 8 -7 2 -1 }3 0 1 00 0 00

We shall return to find the solution to our linear system after a brief theoretical interlude.

Warning. In the augmented matrix, pivots can never appear in the last column, repre-
senting the right-hand side of the system. Thus, even if ¢ — il,'b + g a # 0, that entry does
not qualify as a pivot.

We now introduce the most important numerical quantity associated with a matrix.
Definition 1.41. The rank of a matrix is the number of pivots.

For instance, the rank of the matrix (1.75) equals 3, since its reduced row echelon form,
i.e., the first five columns of (1.76), has three pivots. Since there is at most one pivot per
row and one pivot per column, the rank of an m x n matrix is bounded by both m and n,
and so

0 <r =rank A < min{m,n}. (1.77)

The only m x n matrix of rank 0 is the zero matrix O — which is the only matrix without
any pivots.
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Proposition 1.42. A square matrix of size n X n is nonsingular if and only if its rank is
equal to n.

Indeed, the only way an n X n matrix can end up having n pivots is if its reduced row
echelon form is upper triangular with nonzero diagonal entries. But a matrix that reduces
to such triangular form is, by definition, nonsingular.

Interestingly, the rank of a matrix does not depend on which elementary row operations
are performed along the way to row echelon form. Indeed, performing a different sequence of
row operations — say using Partial Pivoting versus no pivoting — can produce a completely
different reduced form. The remarkable result is that all such row echelon forms end up
having exactly the same number of pivots, and this number is the rank of the matrix. A
formal proof of this fact will appear in Chapter 2; see Theorem 2.49.

Once the coefficient matrix has been reduced to row echelon form (U | ¢ ), the solution
to the equivalent linear system U x = ¢ proceeds as follows. The first step is to see whether
there are any equations that do not have a solution. Suppose one of the rows in the
echelon form U is identically zero, but the corresponding entry in the last column c of
the augmented matrix is nonzero. What linear equation would this represent? Well, the
coefficients of all the variables are zero, and so the equation is of the form

0=c, (1.78)

where 7 is the row’s index. If ¢; # 0, then the equation cannot be satisfied — it is
inconsistent. The reduced system does not have a solution. Since the reduced system was
obtained by elementary row operations, the original linear system is incompatible, meaning
it also has no solutions. Note: It takes only one inconsistency to render the entire system
incompatible. On the other hand, if ¢; = 0, so the entire row in the augmented matrix is
zero, then (1.78) is merely 0 = 0, and is trivially satisfied. Such all-zero rows do not affect
the solvability of the system.

In our example, the last row in the echelon form (1.76) is all zero, and hence the
last entry in the final column must also vanish in order that the system be compatible.
Therefore, the linear system (1.74) will have a solution if and only if the right-hand sides
a, b, ¢, d satisfy the linear constraint

sa—3b+c=0. (1.79)

In general, if the system is incompatible, there is nothing else to do. Otherwise, every
all zero row in the row echelon form of the coefficient matrix also has a zero entry in the
last column of the augmented matrix; the system is compatible and admits one or more
solutions. (If there are no all-zero rows in the coefficient matrix, meaning that every row
contains a pivot, then the system is automatically compatible.) To find the solution(s), we
split the variables in the system into two classes.

Definition 1.43. In a linear system Ux = c¢ in row echelon form, the variables cor-
responding to columns containing a pivot are called basic variables, while the variables
corresponding to the columns without a pivot are called free variables.

The solution to the system then proceeds by an adaptation of the Back Substitution
procedure. Working in reverse order, each nonzero equation is solved for the basic variable
associated with its pivot. The result is substituted into the preceding equations before
they in turn are solved. The solution then specifies all the basic variables as certain
combinations of the remaining free variables. As their name indicates, the free variables, if
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any, are allowed to take on any values whatsoever, and so serve to parameterize the general
solution to the system.

Example 1.44. Let us illustrate the solution procedure with our particular system

(1.74). The values a =0, b =3, c =1, d = 1, satisfy the consistency constraint (1.79), and
the corresponding reduced augmented matrix (1.76) is

13 2 -1 010
00 -3 6 3|3
00 0 043
00 0 0010

The pivots are found in columns 1,3,5, and so the corresponding variables, z, z,v, are
basic; the other variables, y, u, corresponding to the non-pivot columns 2,4, are free. Our
task is to solve the reduced system

r+3y+2z—u =0,
—3z+6u—+3v =3,

4dv =3,

0=0,

for the basic variables x, z, v in terms of the free variables y, u. As before, this is done in the
reverse order, by successively substituting the resulting values in the preceding equation.
The result is the general solution

’U:Za Z:—1+2U+v:_}1+2ua 93:_33/_224'“:%_3?4_3“'

The free variables y,u remain completely arbitrary; any assigned values will produce a

solution to the original system. For instance, if y = —1,u = m, then z = ; — 3,
z = —i + 27, v = Z. But keep in mind that this is merely one of an infinite number

of valid solutions.

In general, if the m xn coefficient matrix of a system of m linear equations in n unknowns
has rank r, there are m —r all-zero rows in the row echelon form, and these m — r equations
must have zero right-hand side in order that the system be compatible and have a solution.
Moreover, there is a total ofr basic variables and n — r free variables, and so the general
solution depends upon n — r parameters.

Summarizing the preceding discussion, we have learned that there are only three possible
outcomes for the solution to a system of linear equations.

Theorem 1.45. A system Ax = b of m linear equations in n unknowns has either
(i) exactly one solution, (i) infinitely many solutions, or (i7) no solution.

Case (#4i) occurs if the system is incompatible, producing a zero row in the echelon form
that has a nonzero right-hand side. Case (ii) occurs if the system is compatible and there
are one or more free variables, and so the rank of the coefficient matrix is strictly less than
the number of columns: r < n. Case (i) occurs for nonsingular square coefficient matrices,
and, more generally, for compatible systems for which » = n, implying there are no free
variables. Since r < m, this case can arise only if the coefficient matrix has at least as
many rows as columns, i.e., the linear system has at least as many equations as unknowns.
A linear system can never have a finite number — other than 0 or 1 — of solutions. As
a consequence, any linear system that admits two or more solutions automatically has
infinitely many!



64 1 Linear Algebraic Systems

w1y

No Solution Unique Solution Infinitely Many Solutions

Figure 1.1.  Intersecting Planes.

Warning. This property requires linearity, and is not valid for nonlinear systems. For
instance, the real quadratic equation 2 + x — 2 = 0 has exactly two real solutions: = = 1
and z = —2.

Example 1.46. Consider the linear system
y+4z=a, 3z —y+2z=0, r+y+6z=c,

consisting of three equations in three unknowns. The augmented coefficient matrix is

0 1 4] a
3 -1 2 b
1 1 6

Interchanging the first two rows, and then eliminating the elements below the first pivot

leads to
3 -1 2 b

0 1 4
4 16 1
0 3 3 c—3b

The second pivot is in the (2,2) position, but after eliminating the entry below it, we find
the row echelon form to be

3 -1 2|0
0 1 4 a

1 4
0 0 0| c—3b—3a
Since there is a row of all zeros, the original coefficient matrix is singular, and its rank is
only 2.

The consistency condition follows from this last row in the reduced echelon form, which
requires

g a+ é b—c=0.

If this is not satisfied, the system has no solutions; otherwise, it has infinitely many. The
free variable is z, since there is no pivot in the third column. The general solution is

y=a—4z, :Jc:%b—}—éy—gz:éa—kéb—lz,

where z is arbitrary.
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Geometrically, Theorem 1.45 is telling us about the possible configurations of linear
subsets (lines, planes, etc.) of an n-dimensional space. For example, a single linear equation
ax + by + cz = d, with (a,b,c) # 0, defines a plane P in three-dimensional space. The
solutions to a system of three linear equations in three unknowns belong to all three planes;
that is, they lie in their intersection P, N P, N P,. Generically, three planes intersect in
a single common point; this is case (i) of the theorem, which occurs if and only if the
coefficient matrix is nonsingular. The case of infinitely many solutions occurs when the
three planes intersect in a common line, or, even more degenerately, when they all coincide.
On the other hand, parallel planes, or planes intersecting in parallel lines, have no common
point of intersection, and this occurs when the system is incompatible and has no solutions.
There are no other possibilities: the total number of points in the intersection is either 0,
1, or co. Some sample geometric configurations appear in Figure 1.1.

Exercises
1.8.1. Which of the following systems has (¢) a unique solution? (i) infinitely many
oy =1,
solutions? (éit) no solution? In each case, find all solutions: (a) oy
3x+2y =—-3.
—2z=-3 -2 =6
2£C—|-y+3221, r+y z P z y+z )
(b) (¢) 22 —y+32z=T, (d) 2z 4+y—3z=-3,
r+4y—2z=-3.
r—2y+5z=1. z—3y+ 3z =10.
3z —2 =4 2 172 — 5w = 50
T—2y+2z—w=23, TolytE=4 Tty liz=ow ’
3z 4y 624 1lw=16 f r+3y—4z=-3, 9z — 16y + 10z — 8w = 24,
() 3wty +6z+1lw=16, (f) ) 5 5. _7 (8 22 — 5y — 4z = —13,
20 —y+4z+w=09.
z—8y+9z=10. 6r — 12y + 2z —4w = —1.

1.8.2. Determine if the following systems are compatible and, if so, find the general solution:

Gay + 3, = 12 8z, +121, = 16 T t2my =1 23, — 6xy + dzg =2
xX Ty = s x To = s ra —0x Tq = 2,
2 4or 120 9 6o, 10z, =13, (O 2 A5T =2 () 8 o) BT
1 2 =9 1 2 = 19 32, + 61y = 3. 1 2 3= L
T 2x 3x 4z, =1,
2z +2x9 + 313 =1, Ty + Ty + x5+ 91,4 =38, R R
2z +4x9 + 623 + 514 =0,
(e) Tat2z3=3, (f) zpt2z3+82,=7 (g)
3z +4x9 + 25+ 74 =0,
4xy + 529 + Txg = 15. =3z +x3 —Txy =9.

dr; +629 +425 — 24 = 0.

1.8.3. Graph the following planes and determine whether they have a common intersection:

r+y+z=1, z+y=1, r+z=1.
a 0 b | 2
1.84. Let A=|a 2 a b | be the augmented matrix for a linear system. For which
b 2 a | a

values of a and b does the system have () a unique solution? (4¢) infinitely many
solutions? (#4) no solution?
1.8.5. Determine the general (complex) solution to the following systems:
T +2iy+(2—4i)z =5+ 51,
(b) (-1+1i)x+2y+(4+2i)z=0,
(1—i)z+(1+4i)y—5iz=10+5i.

20+ (14 i)y — 2iz = 21,

@ ety —2iz=o0.
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)+ iwy + x5 =1+4i, 2+ i)z+iy+(2+2i)z+ (1+121)w =0,
(¢) —x;+ay — ixg = —1, (d) l-i)z+y+(2-1)z+8+2i)w=0,
ir) —xy —x5=—1-2i. B+2i)z+ iy+ (3+3i)z+19iw=0.

1.8.6. For which values of b and ¢ does the system x| + 25 +bxg =1, bx; + 31y — 25 = —2,
3z, +4xy + 3 = ¢, have (a) no solution? (b) exactly one solution? (c) infinitely many

solutions?
. . . 1 1 2 1 3
1.8.7. Determine the rank of the following matrices: (a) (1 _2), (b) (_2 1 _3),
1 -1 1 2 -1 0 3
@ 1 -1 2|, @2 -1 1], @] o], ) (0 -1 2 5),
(—1 1 0) (1 1 —1) (—2)
1 -1 2 1
o3 2 1 -1 0 00 03 1
@ | | S W]t 2 =3 1|, 1231 2|
s 4 -1 3 2 2 4 -2 1 -2
0 3 =5 -2

1.8.8. Write out a PA = LU factorization for each of the matrices in Exercise 1.8.7.

1.8.9. Construct a system of three linear equations in three unknowns that has
(a) one and only one solution; (b) more than one solution; (¢) no solution.

1.8.10. Find a coefficient matrix A such that the associated linear system Ax = b has
(a) infinitely many solutions for every b; (b) 0 or oo solutions, depending on b;
(¢) 0 or 1 solution depending on b; (d) exactly 1 solution for all b.

1.8.11. Give an example of a nonlinear system of two equations in two unknowns that has
(a) no solution; (b) exactly two solutions; (c) exactly three solutions; (d) infinitely
many solutions.

1.8.12. What does it mean if a linear system has a coefficient matrix with a column of all 0’s?
1.8.13. True or false: One can find an m x n matrix of rank r for every 0 < r < min {m,n}.

1.8.14. True or false: Every m x n matrix has (a) exactly m pivots; (b) at least one pivot.

1.8.15.(a) Prove that the product A = v w’ of a nonzero m x 1 column vector v and a nonzero
1 x n row vector w’ is an m x n matrix of rank » = 1. (b) Compute the following rank one

4

products: (4) (é) (-1 2), (i) ( o) (=2 1), (i) (_g) (13 —1).
-2

(c) Prove that every rank one matrix can be written in the form A = vw? .

1.8.16.(a) Let A be an m X n matrix and let M = (A | b) be the augmented matrix for the
linear system Ax = b. Show that either (i) rank A = rank M, or (i) rank A = rank M — 1.
(b) Prove that the system is compatible if and only if case (i) holds.

a ar co. ar™t
ar” ar™tt oo oar?nlt
1.8.17. Find the rank of the matrix : : . : when a,r # 0.
ar(=Dn  gp=Dn+l Pl
1 2 3 ....on
n+1 n+2 n+3 ... 2n

1.8.18. Find the rank of the n x n matrix 2n+1 2n+2 2n+3 ... 3n

2 —n+2 n2

n“—n-+1 n?
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1.8.19. Find two matrices A, B such that rank A B # rank B A.

¢ 1.8.20. Let A be an m X n matrix of rank r. (a) Suppose C = (A B) is an m x k matrix, k > n,
whose first n columns are the same as the columns of A. Prove that rank C' > rank A. Give

an example with rank C' = rank A; with rank C' > rank A. (b) Let F = <é> beajxmn

matrix, j > m, whose first m rows are the same as those of A. Prove that rank E > rank A.
Give an example with rank ' = rank A; with rank £ > rank A.

& 1.8.21. Let A be a singular square matrix. Prove that there exist elementary matrices E,,..., Ey
such that A = F| E, --- Eyy Z, where Z is a matrix with at least one all-zero row.

Homogeneous Systems

A linear system with all 0’s on the right-hand side is called homogeneous. Conversely, if
at least one of the right-hand sides is nonzero, the system is called inhomogeneous.

In matrix notation, a homogeneous system takes the form
Ax =0, (1.80)

where the zero vector 0 indicates that every entry on the right-hand side is zero. Homo-
geneous systems are always compatible, since x = 0 is a solution, known as the trivial
solution. If a homogeneous system has a nontrivial solution x # 0, then Theorem 1.45
assures us that it must have infinitely many solutions. This will occur if and only if the
reduced system has one or more free variables.

Theorem 1.47. A homogeneous linear system Ax = 0 of m equations in n unknowns
has a nontrivial solution x # 0 if and only if the rank of A is r < n. If m < n, the system
always has a nontrivial solution. If m = n, the system has a nontrivial solution if and only
if A is singular.

Thus, homogeneous systems with fewer equations than unknowns always have infinitely
many solutions. Indeed, the coefficient matrix of such a system has more columns than
rows, and so at least one column cannot contain a pivot, meaning that there is at least one
free variable in the general solution formula.

Example 1.48. Consider the homogeneous linear system

2z, + 29+ 52, =0,
4z, +2x9 — 25 +8x, =0,
—2x — Xy + 325 — 4z, =0,
with coefficient matrix
2 1 0 5
A= 4 2 -1 8
-2 -1 3 —4
Since there are only three equations in four unknowns, we already know that the system
has infinitely many solutions, including the trivial solution z; = 4 = 24 = z, = 0.
When solving a homogeneous system, the final column of the augmented matrix consists

of all zeros. As such, it will never be altered by row operations, and so it is a waste of
effort to carry it along during the process. We therefore perform the Gaussian Elimination
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algorithm directly on the coefficient matrix A. Working with the (1,1) entry as the first
pivot, we first obtain

2 1 0 )
00 -1 =2
0 0 3 1

The (2,3) entry is the second pivot, and we apply one final row operation to place the
matrix in row echelon form

2 1 0 9
00 -1 =2
00 0 =5

This corresponds to the reduced homogeneous system
2x + x5+ 52y =0, —x3—2x, =0, -5z, =0.

Since there are three pivots in the final row echelon form, the rank of the coefficient matrix
A is 3. There is one free variable, namely x,. Using Back Substitution, we easily obtain
the general solution

—_1 — — —
T =—,t, Ty =1, Ty =x, =0,

which depends upon a single free parameter ¢ = x,,.

Example 1.49. Consider the homogeneous linear system

20 —y+32=0,

2 -1 3
—4r+2y—62=0, _ _
Y with coefficient matrix A= 4 2 6
20 —y+ 2 =0, 2 -1 1
62 —3y+32=0, 6 -3 3

The system admits the trivial solution z = y = z = 0, but in this case we need to complete
the elimination algorithm before we know for sure whether there are other solutions. After

2 -1 3
the first stage in the reduction process, the coefficient matrix becomes 0 8 _g
0 0 —6

To continue, we need to interchange the second and third rows to place a nonzero entry in
2 -1 3
. o . 0 0 -2
the final pivot position; after that, the reduction to the row echelon form 0 0 0
0 0 O

is immediate. Thus, the system reduces to the equations

2x —y+32=0, —22=0, 0=0, 0=0.

The third and fourth equations are trivially compatible, as they must be in the homo-
geneous case. The rank of the coefficient matrix is equal to two, which is less than the
number of columns, and so, even though the system has more equations than unknowns,
it has infinitely many solutions. These can be written in terms of the free variable y; the
general solution is x = éy, z = 0, where y is arbitrary.
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Exercises
1.8.22. Solve the following homogeneous linear systems.
iE—i—y—Zz:O7 Tty —=z ) r+y z R
-z -32=0.
! r—3y+32=0. r+3y+3z=0.
— :0’
9 9 0 —z+3y—2z+w =0, ) y—;—z 0
_ _ 3w —
(d)l’-i- Y zZ 4w " (e) —2245y+z—2w=0, (f) )

-3z +2z—-2w=0. z+y—2w=0,

3z —8 — 4w =0.
* vtz v y—3z+w=0.

1.8.23. Find all solutions to the homogeneous system A x = 0 for the coefficient matrix

(4 o) el ) (i)

7 8 9
N RN A TR
(e) _% g g ) (f) 2 1| (g) 4 7 2| (h) 2 -2 1 5
1 0 -1 1 6 -1 1 1 —4

1.8.24. Let U be an upper triangular matrix. Show that the homogeneous system Ux = 0
admits a nontrivial solution if and only if U has at least one 0 on its diagonal.

1.8.25. Find the solution to the homogeneous system 2z, + x4 —2x53 =0, 22, — 25 — 2253 = 0.
Then solve the inhomogeneous version where the right-hand sides are changed to a, b,
respectively. What do you observe?

1.8.26. Answer Exercise 1.8.25 for the system 22, + x4+ 25—, =0, 22y — 225 — 253+ 324 = 0.
1.8.27. Find all values of k for which the following homogeneous systems of linear equations
have a non-trivial solution: r+ky+22=0,

(a) (b)) kxytmy+2253=0, (c) ’

kx+4y =0, (k+1)z—2y—42=0,
2z +kxy +8x3 =0.

kx+4+3y+62z=0.

1.9 Determinants

You may be surprised that, so far, we have not mentioned determinants — a topic that
typically assumes a central role in many treatments of basic linear algebra. Determinants
can be useful in low-dimensional and highly structured problems, and have many fascinat-
ing properties. They also prominently feature in theoretical developments of the subject.
But, like matrix inverses, they are almost completely irrelevant when it comes to large
scale applications and practical computations. Indeed, for most matrices, the best way to
compute a determinant is (surprise) Gaussian Elimination! Consequently, from a computa-
tional standpoint, the determinant adds no new information concerning the linear system
and its solutions. However, for completeness and in preparation for certain later develop-
ments (particularly computing eigenvalues of small matrices), you should be familiar with
the basic facts and properties of determinants, as summarized in this final section.
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The determinant of a square matrix! A is a scalar, written det A, that will distinguish
between singular and nonsingular matrices. We already encountered in (1.38) the determi-
a b

d
nonzero if and only if the matrix has an inverse, or, equivalently, is nonsingular. Our goal
is to find an analogous quantity for general square matrices.

nant of a 2 x 2 matrix: det > = ad — bc. The key fact is that the determinant is

There are many different ways to define determinants. The difficulty is that the ac-
tual formula is very unwieldy — see (1.87) below — and not well motivated. We prefer
an axiomatic approach that explains how our three elementary row operations affect the
determinant.

Theorem 1.50. Associated with every square matrix, there exists a uniquely defined
scalar quantity, known as its determinant, that obeys the following axioms:
(i) Adding a multiple of one row to another does not change the determinant.
(ii) Interchanging two rows changes the sign of the determinant.
(4ii) Multiplying a row by any scalar (including zero) multiplies the determinant by the
same scalar.
(iv) The determinant of an upper triangular matrix U is equal to the product of its

diagonal entries: det U = uq ugy -+ U,

In particular, axiom (iv) implies that the determinant of the identity matrix is
det T =1. (1.81)

Checking that all four of these axioms hold in the 2 x 2 case is an elementary exercise.

The proof of Theorem 1.50 is based on the following results. Suppose, in particular, we
multiply a row of the matrix A by the zero scalar. The resulting matrix has a row of all
zeros, and, by axiom (iii), has zero determinant. Since any matrix with a zero row can be
obtained in this fashion, we conclude:

Lemma 1.51. Any matrix with one or more all-zero rows has zero determinant.

Using these properties, one is able to compute the determinant of any square matrix
by Gaussian Elimination, which is, in fact, the fastest and most practical computational
method in all but the simplest situations.

Theorem 1.52. If A = LU is a regular matrix, then
det A =detU = uy gy -+ u (1.82)

nn
equals the product of the pivots. More generally, if A is nonsingular, and requires k& row

interchanges to arrive at its permuted factorization PA = LU, then

det A =det P detU = (—1)F uj ugy -+ u,,,. (1.83)

nn

Finally, A is singular if and only if
det A = 0. (1.84)

f Non-square matrices do not have determinants.

¥ Some authors use vertical lines to indicate the determinant:

a b a b
B d‘_det(c d)'
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Proof: In the regular case, we need only elementary row operations of type #1 to reduce
A to upper triangular form U, and axiom (i) says these do not change the determinant.
Therefore, det A = detU, the formula for the latter being given by axiom (iv). The
nonsingular case follows in a similar fashion. By axiom (ii), each row interchange changes
the sign of the determinant, and so det A equals det U if there has been an even number of
interchanges, but equals — det U if there has been an odd number. For the same reason,
the determinant of the permutation matrix P equals +1 if there has been an even number
of row interchanges, and —1 for an odd number. Finally, if A is singular, then we can
reduce it to a matrix with at least one row of zeros by elementary row operations of types
#1 and #2. Lemma 1.51 implies that the resulting matrix has zero determinant, and so
det A = 0, also. Q.E.D.

Remark. If we then apply Gauss—Jordan elimination to reduce the upper triangular
matrix U to the identity matrix I, and use axiom (ii) when each row is divided by its
pivot, we find that axiom (iv) follows from the simpler formula (1.81), which could thus
replace it in Theorem 1.50.

Example 1.53. Let us compute the determinant of the 4 x 4 matrix

1 0 -1 2
2 1 =3 4
A= 0 2 =2 3
11 -4 -2

We perform our usual Gaussian Elimination algorithm, successively leading to the matrices

1 0 -1 2 1 0 -1 2 1 0 -1 2

A s 01 -1 0 . 01 -1 0 . 01 -1 0
0 2 -2 3 0 0 0 3 00 -2 -4/
01 -3 -4 0 0 -2 -4 0 0 0 3

where we used a single row interchange to obtain the final upper triangular form. Owing
to the row interchange, the determinant of the original matrix is —1 times the product of
the pivots:

det A=—1-(1-1-(=2)-3)=6.

In particular, this tells us that A is nonsingular. But, of course, this was already evident,
since we successfully reduced the matrix to upper triangular form with 4 nonzero pivots.

There is a variety of other approaches to evaluating determinants. However, except
for very small (2 x 2 or 3 x 3) matrices or other special situations, the most efficient
algorithm for computing the determinant of a matrix is to apply Gaussian Elimination,
with pivoting if necessary, and then invoke the relevant formula from Theorem 1.52. In
particular, the determinantal criterion (1.84) for singular matrices, while of theoretical
interest, is unnecessary in practice, since we will have already detected whether the matrix
is singular during the course of the elimination procedure by observing that it has fewer
than the full number of pivots.

Let us finish by stating a few of the basic properties of determinants. Proofs are outlined
in the exercises.
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Proposition 1.54. The determinant of the product of two square matrices of the same
size is the product of their determinants:

det(AB) =det A det B. (1.85)

Therefore, even though matrix multiplication is not commutative, and so AB # B A in
general, both matrix products have the same determinant:

det(AB) =det A det B=det B det A = det(BA),

because ordinary (scalar) multiplication is commutative. In particular, setting B = A~!
and using axiom (iv), we find that the determinant of the inverse matrix is the reciprocal
of the matrix’s determinant.

Proposition 1.55. If A is a nonsingular matrix, then

1
det A7t =

= . 1.
det A (Lgs)

Finally, for later reference, we end with the general formula for the determinant of an
n x n matrix A with entries a,;:

det A = Z (SIgNT) Gr(1y1 Qr(2)2 " Q) on- (1.87)

The sum is over all possible permutations 7 of the rows of A. The sign of the permutation,
written signm, equals the determinant of the corresponding permutation matrix P, so
sign m = det P = +1 if the permutation is composed of an even number of row interchanges
and —1 if composed of an odd number. For example, the six terms in the well-known
formula
et Z;i Z;z Z;i _ G110a203 131 Q13 G93 + U910 35093 — (1.88)
Gos Goe G T Q11 32093 7 Qg1 Q12033 — A31 Aoz 013
31 @32 0433
for a 3 x 3 determinant correspond to the six possible permutations (1.31) of a 3-rowed
matrix. A proof that the formula (1.87) satisfies the defining properties of the determinant
listed in Theorem 1.50 is tedious, but not hard. The reader might wish to try out the 3 x 3
case to be convinced that it works.
The explicit formula (1.87) proves that the determinant function is well-defined, and
formally completes the proof of Theorem 1.50. One consequence of this formula is that the
determinant is unaffected by the transpose operation.

Proposition 1.56. Transposing a matrix does not change its determinant:

det AT = det A. (1.89)

Remark. Proposition 1.56 has the interesting consequence that one can equally well
use “elementary column operations” to compute determinants. We will not develop this
approach in any detail here, since it does not help us to solve linear equations.

However, the explicit determinant formula (1.87) is not used in practice. Since there are
n! different permutations of the n rows, the determinantal sum (1.87) contains n! distinct
terms, which, as soon as n is of moderate size, renders it completely useless for practical
computations. For instance, the determinant of a 10 x 10 matrix contains 10! = 3,628,800
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terms, while a 100 x 100 determinant would require summing 9.3326 x 10'®7 terms, each of
which is a product of 100 matrix entries! The most efficient way to compute determinants
is still our mainstay — Gaussian Elimination, coupled with the fact that the determinant
is & the product of the pivots! On this note, we conclude our brief introduction.

Exercises

1.9.1. Use Gaussian Elimination to find the determinant of the following matrices:

()(2‘1) (b)((l) é_g)()(%g g) (d)(gi_il%)
-4 3) 2 -3 o) 38 10/ 2 7 -8)
1
2
3

5 —1 0 2 -2 1 4 1 -2 14 -5
0 3 -1 5 -4 0 0 b =23 -3
(e) , (f) , (& |2 -1 -1 2 2
0 0 —4 2 -4 2 5 5 -1 05 &
0O 0 0 3 0 2 -4 -9 5 95 0 4 -1

1.9.2. Verify the determinant product formula (1.85) when

1 -1 3 0 1 -1
A=|2 -1 1|, B=[1 -3 —2].
4 =2 0 2 0 1
1.9.3.(a) Give an example of a non-diagonal 2 x 2 matrix for which A2 = 1. (b) In general, if

A% = 1, show that det A = +1. (c) If A% = A, what can you say about det A?

1.9.4. True or false: If true, explain why. If false, give an explicit counterexample.
(a) If det A # 0 then A1 exists. (b) det(2A) = 2 det A. (c) det(A + B) = det A + det B.
1 det A
-T _ —1y _ B _ 2 2
(d) detA™" = det A° (e) det(AB™ ") = det B (f) det[(A+ B)(A — B)] = det(A° — B?).
(g) If Ais an n X n matrix with det A = 0, then rank A < n.
)

(h) If det A=1and AB = O, then B =0.
1.9.5. Prove that the similar matrices B = S™! A S have the same determinant: det A = det B.
1.9.6. Prove that if A is a n X n matrix and c is a scalar, then det(c A) = ¢" det A.

1.9.7. Prove that the determinant of a lower triangular matrix is the product of its diagonal

entries.
1.9.8.(a) Show that if A has size n x n, then det(—A) = (—1)" det A. (b) Prove that, for
n odd, any n X n skew-symmetric matrix A = —AT s singular. (¢) Find a nonsingular

skew-symmetric matrix.

& 1.9.9. Prove directly that the 2 x 2 determinant formula (1.38) satisfies the four determinant
axioms listed in Theorem 1.50.

¢ 1.9.10. In this exercise, we prove the determinantal product formula (1.85). (a) Prove that

if F is any elementary matrix (of the appropriate size), then det(E B) = det E det B.

(b) Use induction to prove that if A = E| E, --- E is a product of elementary matrices,
then det(AB) = det A det B. Explain why this proves the product formula whenever A is

a nonsingular matrix. (¢) Prove that if Z is a matrix with a zero row, then Z B also has a
zero row, and so det(Z B) = 0 =det Z det B. (d) Use Exercise 1.8.21 to complete the proof
of the product formula.

1.9.11. Prove (1.86).

& 1.9.12. Prove (1.89). Hint: Use Exercise 1.6.30 in the regular case. Then extend to the
nonsingular case. Finally, explain why the result also holds for singular matrices.
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1.9.13. Write out the formula for a 4 x 4 determinant. It should contain 24 = 4! terms.

& 1.9.14. Show that (1.87) satisfies all four determinant axioms, and hence is the correct formula
for a determinant.

{ 1.9.15. Prove that axiom (iv) in Theorem 1.50 can be proved as a consequence of the first
three axioms and the property det I = 1.

{ 1.9.16. Prove that one cannot produce an elementary row operation of type #2 by a
combination of elementary row operations of type #1.

A
© 1.9.17. Show that (a) if A= (Z Z) is regular, then its pivots are a and de; ;
a b e
- A
(b) if A= | ¢ d f | isregular, then its pivots are a, ad bc’ and det .
g h a ad—be

(¢) Can you generalize this observation to regular n x n matrices?

© 1.9.18. In this exercise, we justify the use of “elementary column operations” to compute
determinants. Prove that (a) adding a scalar multiple of one column to another does not
change the determinant; (b) multiplying a column by a scalar multiplies the determinant
by the same scalar; (¢) interchanging two columns changes the sign of the determinant.
(d) Explain how to use elementary column operations to reduce a matrix to lower
triangular form and thereby compute its determinant.

$ 1.9.19. Find the determinant of the Vandermonde matrices listed in Exercise 1.3.24. Can you
guess the general n x n formula?

© 1.9.20. Cramer’s Rule. (a) Show that the nonsingular system ax + by = p, cx + dy = ¢ has
the solution given by the determinantal ratios
1 p b 1 a p B a b
:c—Adet<q d>’ y—Adet(C q), where A-det(c d)' (1.90)
z+3y=13, . z=—2y=4,

(i)

(b) Use Cramer’s Rule (1.90) to solve the systems (%) i
4x 42y =0, 3rx+6y=—2.

ar+by+cz=np, a b ¢
(¢) Prove that the solution to dz+ey+ fz =g, with A =det (d e f) #01is
gr+hy+jz=m, g h

1 p b ¢ 1 a p c 1 a b p
r= _det|q e f], y= .det|d q f], z= . det|d e q]|. (1.91)
A rohoj A . A

g r j g h r
44y =3, 3x+2y—2z=1,
(d) Use Cramer’s Rule (1.91) to solve (i) 4z +2y+2z=2, (i) v —3y+2z=2,
—x+y—2z2=0, 20 —y+2z=3.

(e) Can you see the pattern that will generalize to n equations in n unknowns?
Remark. Although elegant, Cramer’s rule is not a very practical solution method.

& 1.9.21.(a) Show that if D = (é g) is a block diagonal matrix, where A and B are square

matrices, then det D = det A det B. (b) Prove that the same holds for a block upper
triangular matrix det (é g) =det A det B. (c) Use this method to compute the

determinant of the following matrices:

3 9 _9 1 2 =2 5 1 2 0 4 5 =1 0 0

@ (o 4 =5, @) -3 1 0 =5 (iii) -3 1 4 -1 (iv) 2 5 0 0
0 3 7 ’ 0 0 1 3 0 3 1 8|’ 2 4 4 =2

0 0 2 =2 0 0 0 -3 3 -2 9 =5
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Chapter 2

Vector Spaces and Bases

Vector spaces and their ancillary structures provide the common language of linear algebra,
and, as such, are an essential prerequisite for understanding contemporary applied (and
pure) mathematics. The key concepts of vector space, subspace, linear independence, span,
and basis will appear, not only in linear systems of algebraic equations and the geometry
of n-dimensional Euclidean space, but also in the analysis of linear differential equations,
linear boundary value problems, Fourier analysis, signal processing, numerical methods,
and many, many other fields. Therefore, in order to master modern linear algebra and its
applications, the first order of business is to acquire a firm understanding of fundamental
vector space constructions.

One of the grand themes of mathematics is the recognition that many seemingly unre-
lated entities are, in fact, different manifestations of the same underlying abstract structure.
This serves to unify and simplify the disparate special situations, at the expense of intro-
ducing an extra level of abstraction. Indeed, the history of mathematics, as well as your
entire mathematical educational career, can be viewed as an evolution towards ever greater
abstraction resulting in ever greater power for solving problems. Here, the abstract no-
tion of a vector space serves to unify spaces of ordinary vectors, spaces of functions, such
as polynomials, exponentials, and trigonometric functions, as well as spaces of matrices,
spaces of linear operators, and so on, all in a common conceptual framework. Moreover,
proofs that might appear to be complicated in a particular context often turn out to be
relatively transparent when recast in the more inclusive vector space language. The price
that one pays for the increased level of abstraction is that, while the underlying math-
ematics is not all that complicated, novices typically take a long time to assimilate the
underlying concepts. In our opinion, the best way to approach the subject is to think in
terms of concrete examples. First, make sure you understand what is being said in the case
of ordinary Euclidean space. Once this is grasped, the next important case to consider is
an elementary function space, e.g., the space of continuous scalar functions. With the two
most important cases firmly in hand, the leap to the general abstract formulation should
not be too painful. Patience is essential; ultimately, the only way to truly understand an
abstract concept like a vector space is by working with it in real-life applications! And
always keep in mind that the effort expended here will be amply rewarded later on.

Following an introduction to vector spaces and subspaces, we develop the fundamental
notions of span and linear independence, first in the context of ordinary vectors, but then
in more generality, with an emphasis on function spaces. These are then combined into
the all-important definition of a basis of a vector space, leading to a linear algebraic char-
acterization of its dimension. Here is where the distinction between finite-dimensional and
infinite-dimensional vector spaces first becomes apparent, although the full ramifications
of this dichotomy will take time to unfold. We will then study the four fundamental sub-
spaces associated with a matrix — its image, kernel, coimage, and cokernel — and explain
how they help us understand the structure and the solutions of linear algebraic systems.
Of particular significance is the linear superposition principle that enables us to combine
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solutions to linear systems. Superposition is the hallmark of linearity, and will apply not
only to linear algebraic equations, but also to linear ordinary differential equations, linear
boundary value problems, linear partial differential equations, linear integral equations,
linear control systems, etc. The final section in this chapter develops some interesting ap-
plications in graph theory that serve to illustrate the fundamental matrix subspaces; these
results will be developed further in our study of electrical circuits.

2.1 Real Vector Spaces

A vector space is the abstract reformulation of the quintessential properties of n-dimen-
sional” Fuclidean space R™, which is defined as the set of all real (column) vectors with
n entries. The basic laws of vector addition and scalar multiplication in R"™ serve as the
template for the following general definition.

Definition 2.1. A wvector space is a set V' equipped with two operations:
(i) Addition: adding any pair of vectors v,w € V produces another vector v+ w € V;
(#i) Scalar Multiplication: multiplying a vector v € V by a scalar ¢ € R produces a
vector cv € V.
These are subject to the following axioms, valid for all u, v, w € V and all scalars ¢,d € R:
(a) Commutativity of Addition: v+w =w + V.
(b) Associativity of Addition: u+ (v+w) = (u+v)+ w.
(¢) Additive Identity: There is a zero element 0 € V satisfying v+0=v =0+ v.
(d) Additive Inverse: For each v € V there is an element —v € V such that
v+ (=v)=0=(—v)+v.
(e) Distributivity: (c+d)v = (cv)+ (dv), and ¢(v+w) = (¢v) + (cw).
(f) Associativity of Scalar Multiplication: c(dv) = (cd)v.
(g) Unit for Scalar Multiplication: the scalar 1 € R satisfies 1v = v.

=5

Remark. For most of this text, we will deal with real vector spaces, in which the scalars
are ordinary real numbers, as indicated in the definition. Complex vector spaces, where
complex scalars are allowed, will be introduced in Section 3.6. Vector spaces over other
fields are studied in abstract algebra, [38].

In the beginning, we will refer to the individual elements of a vector space as “vectors”,
even though, as we shall see, they might also be functions, or matrices, or even more general
objects. Unless we are dealing with certain specific examples such as a space of functions
or matrices, we will use bold face, lower case Latin letters v, w,... to denote the elements
of our vector space. We will usually use a bold face 0 to denote the unique* zero element
of our vector space, while ordinary 0 denotes the real number zero.

The following identities are elementary consequences of the vector space axioms:

(h) Ov=0;

(i) (=Dv=-v;

(j) c0=0;

(k) If ¢v =0, theneither ¢=0 or v=0.

T The precise definition of dimension will appear later, in Theorem 2.29.

¥ See Exercise 2.1.12.
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v vV+w

(A%

v
Vector Addition Scalar Multiplication

Figure 2.1.  Vector Space Operations in R"”.

Let us, for example, prove (h). Let z = 0v. Then, by the distributive property,
z+z=0v+0v=(0+0)v=0v =z
Adding —z to both sides of this equation, and making use of axioms (b), (d), and then
(¢), we conclude that
z=z+0=z+(z+(—2)=(z+2)+(—2z)=z+(—2) =0,

which completes the proof. Verification of the other three properties is left as an exercise
for the reader.
Let us now introduce the most important examples of (real) vector spaces.

Example 2.2. As noted above, the prototypical example of a real vector space is the
Euclidean space R™, consisting of all n-tuples of real numbers v = (v,v,,...,0, )T, which
we consistently write as column vectors. Vector addition and scalar multiplication are
defined in the usual manner:

vy + wy CvUy vy Wy
Vg + Woy CUy Uy Woy
vV+w= . , CV = . ., whenever v = |, w= .|, ceR.
v, —+ w, cv, v, w,,
. T . . .
The zero vector is 0 = (0,...,0)". The two vector space operations are illustrated in

Figure 2.1. The fact that vectors in R™ satisfy all of the vector space axioms is an immediate
consequence of the laws of vector addition and scalar multiplication.

Example 2.3. Let M
M, ., forms a vector space under the laws of matrix addition and scalar multiplication.
The zero element is the zero matrix O. (We are ignoring matrix multiplication, which is not
a vector space operation.) Again, the vector space axioms are immediate consequences of
the basic laws of matrix arithmetic. The preceding example of the vector space R™ = M,
is a particular case in which the matrices have only one column.

mxn denote the space of all real matrices of size m x n. Then

Example 2.4. Consider the space

P(n) _ { p(l‘) _ anmn_i_an_lmn*l + .. —|—all'+a0 } (21)
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VAN
viivAvaRNVIIVAY

Scalar Multiplication:
f(z) = Lcosldx 2f(z) = }cosldw

A

VARV,

Addition:
g(x) = * f(x)+ g(x) = §cosldx + z?

Figure 2.2.  Vector Space Operations in Function Space.

consisting of all real polynomials of degree < n. Addition of polynomials is defined in the
usual manner; for example,

(22 —3x) + (22° —5x+4) =322 — 8z + 4.

Note that the sum p(x) + ¢(z) of two polynomials of degree < n also has degree < n. The
zero element of P(™) is the zero polynomial. We can multiply polynomials by scalars — real
constants — in the usual fashion; for example if p(z) = 22 — 2, then 3p(z) = 322 — 6.
The proof that P satisfies the vector space axioms is an easy consequence of the basic
laws of polynomial algebra.

Warning. It is not true that the sum of two polynomials of degree n also has degree n.
For example (22 + 1) + (=22 + 2) =  + 1 has degree 1 even though the two summands
have degree 2. This means that the set of polynomials of degree = n is not a vector space.

Warning. You might be tempted to identify a scalar with a constant polynomial, but one
should really regard these as two completely different objects — one is a number, while the
other is a constant function. To add to the confusion, one typically uses the same notation
for these two objects; for instance, 0 could mean either the real number 0 or the constant
function taking the value 0 everywhere, which is the zero element, 0, of this vector space.
The reader needs to exercise due care when interpreting each occurrence.

For much of analysis, including differential equations, Fourier theory, numerical meth-

ods, etc., the most important vector spaces consist of functions that have certain prescribed
properties. The simplest such example is the following.
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Example 2.5. Let I C R be an intervalf. Consider the function space F = F(I) whose

elements are all real-valued functions f(x) defined for all x € I. The claim is that the
function space F has the structure of a vector space. Addition of functions in F is defined
in the usual manner: (f+g)(z) = f(z)+g(z) for all x € I. Multiplication by scalars ¢ € R
is the same as multiplication by constants, (¢ f)(«) = ¢ f(x). The zero element is the zero
function — the constant function that is identically O for all € I. The proof of the vector
space axioms is straightforward. Observe that we are ignoring all additional operations
that affect functions such as multiplication, division, inversion, composition, etc.; these are
irrelevant as far as the vector space structure of F goes.

Example 2.6. The preceding examples are all, in fact, special cases of an even more

general construction. A clue is to note that the last example of a function space does not
make any use of the fact that the domain of the functions is a real interval. Indeed, the
same construction produces a function space F(I) corresponding to any subset I C R.

Even more generally, let S be any set. Let F = F(S) denote the space of all real-valued
functions f: S — R. Then we claim that V is a vector space under the operations of
function addition and scalar multiplication. More precisely, given functions f and g, we
define their sum to be the function h = f + ¢ such that h(z) = f(z) + g(x) for all z € S.
Similarly, given a function f and a real scalar ¢ € R, we define the scalar multiple g = ¢ f
to be the function such that g(z) = ¢ f(x) for all z € S. The proof of the vector space
axioms is straightforward, and the reader should be able to fill in the necessary details.

In particular, if S C R is an interval, then F(S) coincides with the space of scalar
functions described in the preceding example. If S C R™ is a subset of Euclidean space,
then the elements of F(S) are real-valued functions f(z,,...,z,) depending upon the n
variables corresponding to the coordinates of points x = (z,...,z,) € S in the domain.
In this fashion, the set of real-valued functions defined on any domain in R™ forms a vector
space.

Another useful example is to let S = {x,,...,2,,} C R be a finite set of real numbers. A
real-valued function f: S — Ris defined by its values f(x,), f(xy), ..., f(z,,) at the specified
points. In applications, these objects serve to indicate the sample values of a scalar function
f(z) € F(R) taken at the sample points x,...,x,. For example, if f(x) = z? and the
sample points are x; = 0, x4 = 1, x5 = 2, z, = 3, then the corresponding sample
values are f(z,) =0, f(zy) =1, f(z3) =4, f(xy) =9. When measuring a physical
quantity — velocity, temperature, pressure, etc. — one typically records only a finite set
of sample values. The intermediate, non-recorded values between the sample points are
then reconstructed through some form of interpolation, a topic that we shall visit in depth
in Chapters 4 and 5.

Interestingly, the sample values f(z,) can be identified with the entries f; of a vector

£=(f1. oo f)T = (fl@)), f23),..., fl2,)" € R,

T An interval is a subset I C R that contains all the real numbers between a,b € R, where a < b,
and can be

e closed, meaning that it includes its endpoints: I = [a,b] = {z]a <z <b};
e open, which does not include either endpoint: I = (a,b) ={x|a <z <b}; or
e half-open, which includes one but not the other endpoint, so I = [a,b) = {z|a <z < b}
or I =(a,b]={zla<z<b}.
An open endpoint is allowed to be infinite; in particular, (—o00,00) = R is another way of writing
the entire real line.
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Figure 2.3.  Sampled Function.

known as the sample vector. Every sampled function f:S — R corresponds to a unique
vector f € R™ and vice versa. (But keep in mind that different scalar functions f(x) € F(R)
may have the same sample values.) Addition of sample functions corresponds to addition
of their sample vectors, as does scalar multiplication. Thus, the vector space of sample
functions F(S) = F{x,,...,x,} is the same as the vector space R™! The identification
of sampled functions as vectors is of fundamental importance in modern signal processing
and data analysis, as we will see below.

Example 2.7. The above construction admits yet a further generalization. We continue

to let S be an arbitrary set. Let V be a vector space. The claim is that the space F (S, V)
consisting of all V-valued functions f: S — V is a vector space. In other words, we replace
the particular vector space R in the preceding example by a general vector space V, and
the same conclusion holds. The operations of function addition and scalar multiplication
are defined in the evident manner: (f+g)(z) = f(x)+g(x) and (cf)(x) = cf(z) for x € S,
where we are using the vector addition and scalar multiplication operations on V' to induce
corresponding operations on V-valued functions. The proof that F (.S, V') satisfies all of the
vector space axioms proceeds as before.

The most important example of such a function space arises when S C R™ is a do-
main in Euclidean space and V = R™ is itself a Euclidean space. In this case, the
elements of F(S,R™) consist of vector-valued functions f: S — R™, so that f(x) =
(filzy,...oz,), o [ (2, o y2y) )T is a column vector consisting of m functions of n
variables, all defined on a common domain S. The general construction implies that
addition and scalar multiplication of vector-valued functions is done componentwise; for

example
5 a? \  [cosz\ _ (22%—cosx
e’ —4 x S\ 2e"—xz—8)°

Of particular importance are the vector fields arising in physics, including gravitational
force fields, electromagnetic fields, fluid velocity fields, and many others.

Exercises

2.1.1. Show that the set of complex numbers x + iy forms a real vector space under the
operations of addition (z + iy) + (u+ iv) = (x +u) + i(y + v) and scalar multiplication
c¢(z+ iy) = cx + icy. (But complex multiplication is not a real vector space operation.)
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2.1.2. Show that the positive quadrant Q = { (z,y)|z,y > 0} C R? forms a vector space
if we define addition by (z,y;) + (29,¥5) = (2, z9,y; ¥y) and scalar multiplication by
c(z,y) = (=% y°).

{ 2.1.3. Let S be any set. Carefully justify the validity of all the vector space axioms for the
space F(S) consisting of all real-valued functions f:S — R.

2.1.4. Let S = {0,1,2,3}. (a) Find the sample vectors corresponding to the functions 1,
cosmx, cos2mx, cos3mwx. (b) Is a function uniquely determined by its sample values?

2.1.5. Find two different functions f(z) and g(z) that have the same sample vectors f, g at the
sample points 1 =0, zy =1, z5=—1.

2.1.6.(a) Let z; = 0, x5 = 1. Find the unique linear function f(z) = ax + b that has the

sample vector £ = (3,—1)7. (b) Let z; =0, 9 =1, x5 =—1. Find the unique quadratic
function f(z) = az? + bx + ¢ with sample vector f = (1, —2,0)T.

2.1.7. Let F(R? R?) denote the vector space consisting of all functions f: R? — RZ.
(a) Which of the following functions f(z,y) are elements? (i) =2 + v, (i) (xx_yy ),

e’ 1 oy r
(i) (cosy)’ (iv) (3>, (v) (—y a:) , (vi) i i/r , . (b) Sum all of the elements
of F(R?,R?) you identified in part (a). Then multiply your sum by the scalar — 5.

(¢) Carefully describe the zero element of the vector space F(R? R?).

$ 2.1.8. A planar vector field is a function that assigns a vector v(z,y) = (Z; Ei:z;) to each
point (2) € R2. Explain why the set of all planar vector fields forms a vector space.

© 2.1.9. Let h,k > 0 be fixed. Let S = {(ih,jk)|1 < i < m,1 <j<n}be
points in a rectangular planar grid. Show that the function space F(S) can . . . . . .

be identified with the vector space of m x n matrices M,,,.,,. ~  °*~*°°** °°

2.1.10. The space R* is defined as the set of all infinite real sequences a = (ay,a9,4a3,...),

where a; € R. Define addition and scalar multiplication in such a way as to make R* into
a vector space. Explain why all the vector space axioms are valid.

2.1.11. Prove the basic vector space properties (i), (j), (k) following Definition 2.1.
< 2.1.12. Prove that a vector space has only one zero element 0.

$ 2.1.13. Suppose that V and W are vector spaces. The Cartesian product space, denoted by
V x W, is defined as the set of all ordered pairs (v, w), where v € V,w € W, with vector
addition (v,w) + (V,w) = (v + v,w + W) and scalar multiplication ¢(v,w) = (cv,cw).
(a) Prove that V x W is a vector space. (b) Explain why R x R is the same as R
(c) More generally, explain why R™ x R™ is the same as R™™,

2.1.14. Use Exercise 2.1.13 to show that the space of pairs (f(z),a), where f is a continuous
scalar function and a is a real number, is a vector space. What is the zero element? Be
precise! Write out the laws of vector addition and scalar multiplication.

2.2 Subspaces

In the preceding section, we were introduced to the most basic vector spaces that arise in
this text. Almost all of the vector spaces used in applications appear as subsets of these
prototypical examples.
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Definition 2.8. A subspace of a vector space V is a subset W C V that is a vector space
in its own right — under the same operations of vector addition and scalar multiplication
and the same zero element.

In particular, a subspace W must contain the zero element of V. Proving that a given
subset of a vector space is a subspace is particularly easy: we need only check its closure
under addition and scalar multiplication.

Proposition 2.9. A nonempty subset W C V of a vector space is a subspace if and only if
(a) for every v,w € W, the sum v +w € W, and
(b) for every v € W and every ¢ € R, the scalar product cv € W.

Proof: The proof is immediate. For example, let us check commutativity. The subspace
elements v, w € W can be regarded as elements of V', in which case v+w = w+v because
V' is a vector space. But the closure condition implies that the common sum also belongs
to W, and so the commutativity axiom also holds for elements of W. Establishing the
validity of the other axioms is equally easy. Q.E.D.

It is sometimes convenient to combine the two closure conditions. Thus, to prove that
W C V is a subspace, it suffices to check that cv+dw € W for all v,w € W and ¢, d € R.

Example 2.10. Let us list some examples of subspaces of the three-dimensional Eu-

clidean space R3.

(a) The trivial subspace W = {0}. Demonstrating closure is easy: since there is only
one element 0 in W, we just need to check that 0+0 =0 € W and ¢c0 =0 € W for every
scalar c.

(b) The entire space W = R3. Here closure is immediate because R? is a vector space
in its own right.

(c) The set of all vectors of the form (z,y,0 )T, i.e., the xy coordinate plane. To prove
closure, we check that all sums (I,y,O)T + (z, @O)T = (z+2,y —i—ﬂ,O)T and scalar
multiples ¢ (z,y,0 )T = (cx,cy,0 )T of vectors in the zy-plane remain in the plane.

(d) The set of solutions (z,y,2)" to the homogeneous linear equation

3x+2y—2=0. (2.2)
Indeed, if x = (z,y, z)T is a solution, then so is every scalar multiple ¢x = (cz, cy, cz)T
since
3(cx)+2(cy) — (cz) =c(Bz+2y—2) =
Moreover, if X = ( Z, 7, 2)T is a second solution, the sum x +X = (z+ 7,y + ¥4,z + E)T

is also a solution, since
3(z+2)+2(y+y)—(z2+2)=Bx+2y—2)+B+2y—2)=0.

The solution space is, in fact, the two-dimensional plane passing through the origin with
normal vector (3,2,—1)".

(e) The set of all vectors lying in the plane spanned by the vectors v; = (2, —3,0 )T

and v, = (1,0,3 )T. In other words, we consider all vectors of the form
2 1 2a+b
v=av,+bvy=a| -3 |+b[0|=| -3a |,

0 3 3b
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where a,b € R are arbitrary scalars. If v =av, +bv, and w =av, +gv2 are any two
vectors in the span, then so is

ev+dw=c(av, +bv,) +d(av, +3V2) =(act+ad)v, + (bc—i—i)\d)v2 =av, +bv,,

where a = ac+ad, b= be+bd. This demonstrates that the span is a subspace of R3. The
reader might already have noticed that this subspace is the same plane defined by (2.2).

Example 2.11. The following subsets of R? are not subspaces.

(a) The set P of all vectors of the form (z,y,1)", ie., the plane parallel to the zy
coordinate plane passing through (0,0, 1 )T. Indeed, (0,0,0 )T ¢ P, which is the most basic
requirement for a subspace. In fact, neither of the closure axioms hold for this subset.

(b) The nonnegative orthant OF = {z > 0, y > 0, z > 0}. Although 0 € O*, and
the sum of two vectors in O also belongs to O, multiplying by negative scalars takes us
outside the orthant, violating closure under scalar multiplication.

(c) The unit sphere S; = {2? + y* + 2% = 1}. Again, 0 ¢ S;. More generally, curved
surfaces, such as the paraboloid P = { z = 22 + 32 }, are not subspaces. Although 0 € P,
most scalar multiples of elements of P do not belong to P. For example, (1,1,2 )T e P,
but 2 (1,1,2)" =(2,2,4)" ¢ P.

In fact, there are only four fundamentally different types of subspaces W C R? of
three-dimensional Euclidean space:
(i) the entire three-dimensional space W = R3,

(ii) a plane passing through the origin,

(iii) a line passing through the origin,

(v) a point — the trivial subspace W = {0}.
We can establish this observation by the following argument. If W = {0} contains only
the zero vector, then we are in case (iv). Otherwise, W C R? contains a nonzero vector
0 # v, € W. But since W must contain all scalar multiples cv; of this element, it includes
the entire line in the direction of v,. If W contains another vector v, that does not lie
in the line through v,, then it must contain the entire plane {cv, + dv,} spanned by
vy, Vy. Finally, if there is a third vector v; not contained in this plane, then we claim
that W = R3. This final fact will be an immediate consequence of general results in this
chapter, although the interested reader might try to prove it directly before proceeding.

Example 2.12. Let I C R be an interval, and let F(I) be the space of real-valued

functions f: I — R. Let us look at some of the most important examples of subspaces of
F(I). In each case, we need only verify the closure conditions to verify that the given subset
is indeed a subspace. In particular, the zero function belongs to each of the subspaces.

(a) The space P(") of polynomials of degree < n, which we already encountered.

(b) The space P(>®) = J, -, P™ consisting of all polynomials. Closure means that
the sum of any two polynomials is a polynomial, as is any scalar (constant) multiple of a
polynomial.

(c¢) The space C°(I) of all continuous functions. Closure of this subspace relies on
knowing that if f(x) and g(z) are continuous, then both f(z) + g(x) and c f(x), for any
¢ € R, are also continuous — two basic results from calculus, [2, 78].
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(d) More restrictively, we can consider the subspace C™(I) consisting of all functions
f(z) that have n continuous derivatives f’(z), f”(x),..., f™(z) on' I. Again, we need to
know that if f(x) and g(z) have n continuous derivatives, then so does ¢ f(x) + dg(x) for
all ¢,d € R.

(e) The space C*(I) = N,,>o C"(I) of infinitely differentiable or smooth functions is
also a subspace. This can be proved directly, or it follows from the general fact that the
intersection of subspaces is a subspace, cf. Exercise 2.2.23.

(f) The space A(I) of analytic functions on the interval I. Recall that a function f(z)
is called analytic at a point a if it is smooth, and, moreover, its Taylor series

> tn)(g
@+ @ @ —a)+ @ o+ = 3 T D ear g

converges to f(x) for all x sufficiently close to a. (The series is not required to converge on
the entire interval I.) Not every smooth function is analytic, and so A(I) € C*(I). An
explicit example of a smooth but non-analytic function can be found in Exercise 2.2.30.

(g) The set of all mean zero functions. The mean or average of an integrable function
defined on a closed interval I = [a,b] is the real number

1 b
f= ba/a f(x)dx. (2.4)

b
In particular, f has mean zero if and only if / f(xz)dx =0. Since f+g = f + g, and

cf = ¢ f, sums and scalar multiples of mean zero functions also have mean zero, proving
closure.

(h) Fix z, € I. The set of all functions f(x) that vanish at the point, f(z,) = 0, is
a subspace. Indeed, if f(z,) = 0 and g(z,) = 0, then, clearly (c¢f + dg)(x,) = cf(zy) +
dg(xz,) =0 for all ¢,d € R, proving closure. This example can evidently be generalized to
functions that vanish at several points, or even on an entire subset S C I.

(i) The set of all solutions u = f(z) to the homogeneous linear differential equation

u' 4+ 24 —3u=0.

Indeed, if f(x) and g(x) are solutions, then so is f(z)+ g(z) and ¢ f(z) for all ¢ € R. Note
that we do mot need to actually solve the equation to verify these claims! They follow
directly from linearity:

(f+9)"+2(f+9) =3(f+9)=("+2f =3f)+(¢"+2¢9 —3g9) =0,
(cf)" +2(cf) =3(cf)=c(f"+2f =3f)=0.

Remark. In the last three examples, 0 is essential for the indicated set of functions to be
a subspace. The set of functions such that f(z,) = 1, say, is not a subspace. The set of
functions with a given nonzero mean, say f = 3, is also not a subspace. Nor is the set of
solutions to an inhomogeneous ordinary differential equation, say uv” + 2u' — 3u =z — 3.
None of these subsets contain the zero function, nor do they satisfy the closure conditions.

f We use one-sided derivatives at any endpoint belonging to the interval.
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Exercises
)T

2.2.1.(a) Prove that the set of all vectors (z,y,z)" such that x —y + 4z = 0 forms a subspace
of R3. (b) Explain why the set of all vectors that satisfy  — y + 4z = 1 does not form a
subspace.

2.2.2. Which of the following are subspaces of R3? Justify your answers! (a) The set of all
vectors (z,y,2)" satisfying z+y+2z+1=0. (b) The set of vectors of the form (¢, —t,0)7
for t € R. (c) The set of vectors of the form (r —s,r + 2s, —s)T for r,s € R. (d) The
set of vectors whose first component equals 0. (e) The set of vectors whose last component
equals 1. (f) The set of all vectors (z,y, z)T with x > y > z. (g) The set of all solutions
to the equation z = z—y. (h) The set of all solutions to z = zy. (i) The set of all solutions

to 22 +y? + 22 =0. (j) The set of all solutions to the system zy =yz = x 2.

2.2.3. Graph the following subsets of R? and use this to explain which are subspaces:
(a) The line (¢, —t,3t)T for t € R. (b) The helix (cost,sint,t)T. (¢) The surface
x—2y+32=0. (d) The unit ball 22 +y*4 22 < 1. (e) The cylinder (y+2)*+(z—1)* = 5.
(f) The intersection of the cylinders (z — 1) + 4% =1 and (z +1)? + % = 1.

2.2.4. Show that if W C R? is a subspace containing the vectors (1,2,-1 )T, (2,0,1 )T,
(0,—1,3)T, then W = R®,

2.2.5. True or false: An interval is a vector space.

2.2.6.(a) Can you construct an example of a subset S C R? with the property that cv € S

for all c € R, v € S, and yet S is not a subspace? (b) What about an example in which
v+ w €S for every v,w € S, and yet S is not a subspace?

2.2.7. Determine which of the following sets of vectors x = (x,z5,...,2, )T are subspaces of
R™: (a) all equal entries ; = --- = x,,; (b) all positive entries: z; > 0; (c¢) first and last
entries equal to zero: x; = x,, = 0; (d) entries add up to zero: x; + --- +x,, = 0; (e) first

and last entries differ by one: z; —x,, = 1.

2.2.8. Prove that the set of all solutions x of the linear system Ax = b forms a subspace if and
only if the system is homogeneous.

2.2.9. A square matrix is called strictly lower triangular if all entries on or above the main
diagonal are 0. Prove that the space of strictly lower triangular matrices is a subspace of
the vector space of all n X n matrices.

2.2.10. Which of the following are subspaces of the vector space of n x n matrices M, ,,?
The set of all (a) regular matrices; (b) nonsingular matrices; (c¢) singular matrices;
(d) lower triangular matrices; (e) lower unitriangular matrices; (f) diagonal matrices;

(g) symmetric matrices; (h) skew-symmetric matrices.

& 2.2.11. The trace of an n x n matrix A € M, . is defined to be the sum of its diagonal
entries: tr A = ay; + a9y + -+ - + a,,,,- Prove that the set of trace zero matrices, tr A = 0, is
a subspace of M

nxn:

2.2.12.(a) Is the set of n x n matrices with det A =1 a subspace of M .7
(b) What about the matrices with det A = 07

2.2.13. Let V = CO(R) be the vector space consisting of all continuous functions f:R — R.
Explain why the set of all functions such that f(1) = 0 is a subspace, but the set of
functions such that f(0) = 1 is not. For which values of a,b does the set of functions such
that f(a) = b form a subspace?
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2.2.14. Which of the following are vector spaces? Justify your answer! (a) The set of all row
vectors of the form (a,3a). (b) The set of all vectors of the form (a,a+1). (¢) The set
of all continuous functions for which f(—1) = 0. (d) The set of all periodic functions of
period 1, ie., f(z + 1) = f(x). (e) The set of all non-negative functions: f(z) > 0.

(f) The set of all even polynomials: p(z) = p(—z). (g) The set of all polynomials p(z) that

have = — 1 as a factor. (h) The set of all quadratic forms q(z,y) = az? + bzy + cy.

2.2.15. Determine which of the following conditions describe subspaces of the vector space c!
consisting of all continuously differentiable scalar functions f(z).
(a) f(2) = f(3). (b) f(2) =f(@3), (c) f'(x)+ f(x) =0, (d) f(2—2)=f(a),
(e) flz+2)=f(x)+2, (f) f(—=z)=¢"f(z). (g) f(z) =a+b|z]for some a,be R,

2.2.16. Let V = C%[a,b] be the vector space consisting of all functions f(t) that are defined
and continuous on the interval 0 < ¢ < 1. Which of the following conditions define
subspaces of V7 Explain your answer. (a) f(0) =0, (b) f(0) =2 f(1), (c) f(0)f(1) =1,
(d) f(0)=0or f(1) =0, () fF(A—1t)=—tf(t), () FOL—-t)=1=F(D),

(g) f(%):/olf(t)dt, (h) /Ol(tfl)f(t)dt:(), (i) /Otf(s)sinsds:sint.

2.2.17. Prove that the set of solutions to the second order ordinary differential equation
v’ = zu is a vector space.

2.2.18. Show that the set of solutions to v’ = = 4+ u does not form a vector space.

2.2.19.(a) Prove that C!([a,b],R?), which is the space of continuously differentiable
parameterized plane curves f:[a,b] — R2, is a vector space.
(b) Is the subset consisting of all curves that go through the origin a subspace?

2.2.20. A planar vector field v(z,y) = (u(z,y),v(z,y) )T is called irrotational if it has zero
ou , Ov

divergence: V - v = + = 0. Prove that the set of all irrotational vector fields is a

or Oy

subspace of the space of all planar vector fields.

2.2.21. Let C C R* denote the set of all convergent sequences of real numbers, where R> was
defined in Exercise 2.2.21. Is C' a subspace?

{ 2.2.22. Show that if W and Z are subspaces of V, then (a) their intersection W N Z is a
subspace of V', (b) their sum W+ Z = {w+2z|w € W, z € Z} is also a subspace, but
(c) their union W U Z is not a subspace of V', unless W C Z or Z C W.

¢ 2.2.23. Let V be a vector space. Prove that the intersection ) W; of any collection (finite or
infinite) of subspaces W; C V' is a subspace.

© 2.2.24. Let W C V be a subspace. A subspace Z C V is called a complementary subspace to W
if (i) WnNZ={0},and (i) W+ Z =V, ie., every v € V can be written as v =w + z for
w € W and z € Z. (a) Show that the 2- and y-axes are complementary subspaces of R2.
(b) Show that the lines # = y and & = 3y are complementary subspaces of R?. (c) Show
that the line (a,2a,3a )T and the plane x 4+ 2y + 3z = 0 are complementary subspaces of
R3. (d) Prove that if v =w + z, then w € W and z € Z are uniquely determined.

2.2.25.(a) Show that V = {(v,0)|v € V} and W, = {(0,w)|w € W } are complementary
subspaces, as in Exercise 2.2.24, of the Cartesian product space V' x W, as defined in
Exercise 2.1.13.  (b) Prove that the diagonal D = {(v,v)} and the anti-diagonal
A = {(v,—v)} are complementary subspaces of V' x V.

2.2.26. Show that the set of skew-symmetric n X n matrices forms a complementary subspace
to the set of symmetric n x n matrices. Explain why this implies that every square matrix
can be uniquely written as the sum of a symmetric and a skew-symmetric matrix.
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2.2.27.(a) Show that the set of even functions, f(—xz) = f(x), is a subspace of the vector space
of all functions F(R). (b) Show that the set of odd functions, g(—x) = —g(x), forms a
complementary subspace, as defined in Exercise 2.2.24. (¢) Explain why every function can
be uniquely written as the sum of an even function and an odd function.

© 2.2.28. Let V be a vector space. A subset of the form A = {w +a|w € W}, where W C V is
a subspace and a € V is a fixed vector, is known as an affine subspace of V. (a) Show that
an affine subspace A C V is a genuine subspace if and only if a € W. (b) Draw the affine
subspaces A C R? when (i) W is the z-axis and a = (2,1 )T, (it) W is the line y = ga:
and a= (1,1 )T7 (#ii) W is the line { (¢, —t)T |t e R}, and a = (2, —2)T. (c) Prove that
every affine subspace A C R? is either a point, a line, or all of R2. (d) Show that the plane
x — 2y + 3z = 1 is an affine subspace of R3. (e) Show that the set of all polynomials such
that p(0) =1 is an affine subspace of P,

© 2.2.29. Quotient spaces: Let V be a vector space and W C V a subspace. We say that
two vectors u,v € V are equivalent modulo W if u — v € W. (a) Show that this

defines an equivalence relation, written u ~y, v on V, ie., (i) v ~y, v for every v;

(%) if u ~yy v, then v~y u; and (éii) if, in addition, v ~y; 2, then u ~yy, z. (b) The
equivalence class of a vector u € V is defined as the set of all equivalent vectors,

written [u]y, = {v € V | v ~y, u}. Show that [0]y;; = W. (¢) Let V = R? and

W = {(z,y )T | z = 2y }. Sketch a picture of several equivalence classes as subsets of
R2. (d) Show that each equivalence class [u]yy for u € V is an affine subspace of V, as in
Exercise 2.2.28. (e) Prove that the set of equivalence classes, called the quotient space and
denoted by V/W = {[u]| u € V' }, forms a vector space under the operations of addition,
[uly + [Vl = [u+ v]y, and scalar multiplication, ¢[u]y, = [culy,. What is the zero

element? Thus, you first need to prove that these operations are well defined, and then
demonstrate the vector space axioms.

¢ 2.2.30. Define f(z) = { T a0,
0, z <0.
(a) Prove that all derivatives of f vanish at the origin: f(") (0)=0forn=0,1,2,....
(b) Prove that f(x) is not analytic by showing that its Taylor series at a = 0 does not
converge to f(z) when z > 0.
1
Tl
series converges for | x| < 1, but diverges for |z | > 1. (¢) Prove that f(x) is analytic at © = 0.

2.2.31. Let f(z) (a) Find the Taylor series of f at a = 0. (b) Prove that the Taylor

2.3 Span and Linear Independence

The definition of the span of a collection of elements of a vector space generalizes, in a
natural fashion, the geometric notion of two vectors spanning a plane in R3. As such, it
describes the first of two universal methods for constructing subspaces of vector spaces.

Definition 2.13. Let v,...,v, be elements of a vector space V. A sum of the form
k
V) + Ve + 0 vy = Z CiV;, (2.5)
i=1
where the coefficients ¢y, ¢, . . ., ¢, are any scalars, is known as a linear combination of the
elements vy,...,v,. Their span is the subset W = span {v,,...,v,} C V consisting of all
possible linear combinations with scalars ¢, ..., ¢, € R.
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Figure 2.4. Plane and Line Spanned by Two Vectors.

For instance, 3v, + vy, — 2v3, 8v; — évg = 8vy +0vy — év3, vy = 0vy +1vy +

Ovg, and 0 = 0v; + 0v, + 0v, are four different linear combinations of the three vector
space elements v, vy, vy € V.
The key observation is that the span always forms a subspace.

Proposition 2.14. The span W = span {v,,...,v,} of any finite collection of vector
space elements v,,...,v, € V is a subspace of the underlying vector space V.

Proof: We need to show that if
v=cvy+ o vy and V=0V, + - vy
are any two linear combinations, then their sum is also a linear combination, since
V+V=(c;+c)vi+ - + (e, + )V =V + o0 F GV,
where ¢; = ¢, +¢;. Similarly, for any scalar multiple,
av=(ac)vi+ -+ +(ag) vy =cvi+ o+ vy,

where ¢ = ac,, which completes the proof. Q.E.D.

Example 2.15. Ezamples of subspaces spanned by vectors in R3:

(i) If v, # 0 is any non-zero vector in R?, then its span is the line {cv,|c € R}
consisting of all vectors parallel to v,. If v, = 0, then its span just contains the
origin.

(i) If v, and v, are any two vectors in R?, then their span is the set of all vectors of the
form c¢,;v, 4+ ¢yv,5. Typically, such a span prescribes a plane passing through the
origin. However, if v, and v, are parallel, then their span is just a line. The most
degenerate case occurs when v; = v, = 0, where the span is just a point — the
origin.

(74) If we are given three non-coplanar vectors vy, v,, vs, then their span is all of R3, as
we shall prove below. However, if they all lie in a plane, then their span is the
plane — unless they are all parallel, in which case their span is a line — or, in the
completely degenerate situation v, = v, = v5 = 0, a single point.

Thus, every subspace of R3 can be realized as the span of some set of vectors. One can
consider subspaces spanned by four or more vectors in R?, but these continue to be limited
to being either a point (the origin), a line, a plane, or the entire three-dimensional space.
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A crucial question is to determine when a given vector belongs to the span of a
prescribed collection.

Example 2.16. Let W C R? be the plane spanned by the vectors v, = (1,-2,1 )T and

vy, =1(2,-3,1 )", Question: Is the vector v = (0,1,—1)" an element of W? To answer,
we need to see whether we can find scalars c;, ¢, such that

0 1 2 ¢y +2¢
V=1V, +cyVy; that is, 1l =c| 2|+ 3= -2¢ -3¢
-1 1 1 ¢y + ¢y

Thus, ¢, c, must satisfy the linear algebraic system
¢, +2¢y =0, —2¢; — 3¢y =1, ¢ +epg=-1

Applying Gaussian Elimination, we find the solution ¢; = =2, ¢, = 1, andsov = —2v,;+v,
does belong to the span. On the other hand, v = (1,0,0 )T does not belong to W. Indeed,
there are no scalars ¢y, ¢, such that v = ¢, vy + ¢, vy, because the corresponding linear
system is incompatible.

Warning. It is entirely possible for different sets of vectors to span the same subspace.
For instance, e; = (1,0,0 )T and e, = (0,1,0 )T span the zy-plane in R3, as do the three
coplanar vectors v, = (1, -1, O)T vy =(—-1,2,0 )T , vy =(2,1,0 )T.

Example 2.17. Let V = F(R) denote the space of all scalar functions f(x).

(a) The span of the three monomials f,(x) = 1, f,(z) = z, and f;(z) = 2? is the set
of all functions of the form

f(@) =cy f1(x) + g fo(m) +c5 f3(2) = ¢ +czx+03m2,

where ¢,, ¢,, c5 are arbitrary scalars (constants). In other words, span {1,z,2%} = P
is the subspace of all quadratic (degree < 2) polynomials. In a similar fashion, the space
P(") of polynomials of degree < n is spanned by the monomials 1, z, 22, ..., z".

(b) The next example plays a key role in many applications. Let 0 # w € R. Consider
the two basic trigonometric functions f,(z) = coswz, fy(x) =sinwz of frequency w, and

hence period 27 /w. Their span consists of all functions of the form
f(x) =cy fi(x) + ¢y fylx) = ¢y coswa + cysinwa. (2.6)

For example, the function cos(wz + 2) lies in the span because, by the addition formula
for the cosine,
cos(wz + 2) = (cos2) coswx — (sin2) sinwx

is a linear combination of cos wx and sin w x, with respective coeflicients cos 2, sin 2. Indeed,
we can express a general function in the span in the alternative phase-amplitude form

flz) =c coswz + cysinwz = rcos(wz — 9), (2.7)

in which » > 0 is known as the amplitude and 0 < § < 27 the phase shift. Indeed,
expanding the right-hand side, we obtain

rcos(wx —J) = (rcosd) coswx + (rsind) sinwez, and hence ¢; =rcosd, ¢, =rsind.
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Figure 2.5.  Graph of 3cos(2z — 1).

Thus, (r,§) are the polar coordinates of the point ¢ = (¢,, ¢,) € R? prescribed by the coef-
ficients. We conclude that every linear combination of sinwx and coswx can be rewritten
as a single cosine containing an extra phase shift. Figure 2.5 shows the particular function
3cos(2x — 1), which has amplitude r = 3, frequency w = 2, and phase shift § = 1. The
first peak appears at © = §/w = ;

(¢) The space T of quadratic trigonometric polynomials is spanned by the functions

1, cosz, sin x, cos? z, coszx sinzx, sin? z.

Its general element is a linear combination
q(z) = ¢y + ¢, cos T + ¢y sinx + c5 cos? & + ¢, cosx sinx + ¢ sin? (2.8)
where ¢, . .., c5 are arbitrary constants. A more useful spanning set for the same subspace
consists of the trigonometric functions
1, cos T, sin x, cos2x, sin2x. (2.9)
Indeed, by the double-angle formulas, both
cos2x = cos® x — sin® z, sin2x = 2 sinx cosx,
have the form of a quadratic trigonometric polynomial (2.8), and hence both belong to

T3, On the other hand, we can write

2

00521’:500521‘+§, cosT sinxzésinZ:v, sin :U:—écost—l—;,

in terms of the functions (2.9). Therefore, the original linear combination (2.8) can be
written in the alternative form

q(z) = (CO + 503 + écg)) + ¢y cosx + cysinx + (§c3 — §c5) cos2z + éc4sin2x
=Cy+ ¢ cosx + Cysine + ¢ cos2x + ¢, sin 2w, (2.10)
and so the functions (2.9) do indeed span 7). Tt is worth noting that we first character-
ized T as the span of 6 functions, whereas the second characterization required only 5
functions. It turns out that 5 is the minimal number of functions needed to span 72, but
the proof of this fact will be deferred until Chapter 4.
(d) The homogeneous linear ordinary differential equation
u'4+2u —3u=0 (2.11)
considered in part (i) of Example 2.12 has two solutions: f,(z) = e and f,(x) = e~ 32.
(Now may be a good time for you to review the basic techniques for solving linear, constant
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coefficient ordinary differential equations, cf. [7,22]; see also Chapter 7.) Its general
solution is, in fact, a linear combination

u=cy f1(z)+cyfolx) =c e” + 026_3””,

where ¢, ¢, are arbitrary scalars. Thus, the vector space of solutions to (2.11) is described
as the span of these two basic solutions. The fact that there are no other solutions is
not obvious, but relies on the basic uniqueness theorem for ordinary differential equations;
further details can be found in Theorem 7.34.

Remark. One can also define the span of an infinite collection of elements of a vector space.
To avoid convergence issues, one should consider only finite linear combinations (2.5). For
example, the span of the monomials 1,z, 2, 2%, ... is the subspace P(*) of all polynomials
— not the space of analytic functions or convergent Taylor series. Similarly, the span of
the functions 1, cosz, sinx, cos 2x,sin 2x, cos 3x,sin 3x, . . . is the space T (%) containing all

trigonometric polynomials, of fundamental importance in the theory of Fourier series, [61].

Exercises
-1 2 5
2.3.1. Show that 2 | belongs to the subspace of R? spanned by | —1 |, | —4 | by writing
3 2 1
it as a linear combination of the spanning vectors.
-3 1 -2 -2
7 -3 6 4
2.3.2. Show that 6 is in the subspace of R4 spanned by 3 6
1 4 -7

1
2.3.3.(a) Determine whether (—2) is in the span of ( ) and
-3

—2
0
1 1\ (0 K
spanof | 2 |, | =2 [, 3|7 (¢)Is _1 | in the span of
2 0) \4 Ty

2.3.4. Which of the following sets of vectors span all of R2? (a)

o0 e (D (D

2.3.5.(a) Graph the subspace of R? spanned by the vector v, =(3,0,1 )T.
(b) Graph the subspace spanned by the vectors v; = (3,—-2,—1 )T, vy =(-2,0,—1 )T.
(¢) Graph the span of v; = (1,0, fl)T, v, = (0, fl,l)T, vy = (1, fl,O)T.

o O
N~——

2.3.6. Let U be the subspace of R? spanned by u, = (1,2, 3)T, u, = (2, —1,O)T. Let V be
the subspace spanned by v; = (5,0, 3)T, vy, = (3,1, 3)T. Is V' a subspace of U? Are U
and V' the same?

2.3.7.(a) Let S be the subspace of M, , consisting of all symmetric 2 X 2 matrices. Show that

S is spanned by the matrices ((1) 8), <8 (1)), and <(1) é) (b) Find a spanning set of

the space of symmetric 3 x 3 matrices.
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2.3.8.(a) Determine whether the polynomials z® + 1, 2% — 1,22 + 2 4 1 span PR,
(b) Do 2® —1,z% 4 1,2 — 1,1 span PG (¢) What about z3, 2% + 1,z% — 2,z + 17
2.3.9. Determine whether any of the following functions lies in the subspace spanned by 1, x,
sinz,sin?2: (a) 3—5z, (b) 2 +sin?x, (¢) sinz — 2cosz, (d) cos’z, (e) zsinz, (f) .
2.3.10. Write the following trigonometric functions in phase-amplitude form:
(a) sin3z, (b) cosz —sinz, (c¢) 3cos2z+4sin2z, (d) coszsinz.
2.3.11.(a) Prove that the set of solutions to the homogeneous ordinary differential equation
v’ — 44’ 4 3u = 0 is a vector space. (b) Write the solution space as the span of a finite

number of functions. (c¢) What is the minimal number of functions needed to span the
solution space?

2.3.12. Explain why the functions 1, cos z,sin x span the solution space to the third order

ordinary differential equation v’ + v = 0.

2.3.13. Find a finite set of real functions that spans the solution space to the following
homogeneous ordinary differential equations: (a) v’ — 2u = 0, (b) u” + 4u = 0,
(¢) v —3u =0, (d) v +u' +u=0, () v —5u" =0, (f) u® +u=0.

2.3.14. Consider the boundary value problem v’ +4u =0, 0 <z <7, u(0) =0, u(r) = 0.
(a) Prove, without solving, that the set of solutions forms a vector space.

(b) Write this space as the span of one or more functions. Hint: First solve the differential
equation; then find out which solutions satisfy the boundary conditions.

2.3.15. Which of the following functions lie in the span of the vector-valued functions

() - (). s ()
@ () o (F2) @ (12) @ (158) @ (37)

2.3.16. True or false: The zero vector belongs to the span of any collection of vectors.

2.3.17. Prove or give a counter-example: if z is a linear combination of u, v, w, then w is a
linear combination of u, v, z.

< 2.3.18. Suppose vy,...,v, span V. Let Vinils---»Vy € V be any other elements. Prove that

the combined collection vq,..., v, also spans V.

¢ 2.3.19.(a) Show that if v is a linear combination of vy,...,v,,, and each v is a linear
combination of wy,...,w,, then v is a linear combination of w,...,w,.
(b) Suppose vy,...,v,, span V. Let wy,...,w,, € V be any other elements. Suppose that
each v, can be written as a linear combination of wy,...,w,_,. Prove that wy,...,w,, also
span V.

<& 2.3.20. The span of an infinite collection v, v,,vs,... € V of vector space elements is defined

n
as the set of all finite linear combinations > ¢, v;, where n < oo is finite but arbitrary.
i=1
(a) Prove that the span defines a subspace of the vector space V.
(b) What is the span of the monomials 1, z,z2, z3,... 7

Linear Independence and Dependence

Most of the time, all of the vectors used to form a span are essential. For example, we
cannot use fewer than two vectors to span a plane in R, since the span of a single vector is
at most a line. However, in degenerate situations, some of the spanning elements may be
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redundant. For instance, if the two vectors are parallel, then their span is a line, but only
one of the vectors is really needed to prescribe the line. Similarly, the subspace spanned by
the polynomials p, () =z —2, py(z) =32 +4, py(r) = —x+1, is the vector space P
consisting of all linear polynomials. But only two of the polynomials are really required to
span P, (The reason will become clear soon, but you may wish to see whether you can
demonstrate this on your own.) The elimination of such superfluous spanning elements is
encapsulated in the following important definition.

Definition 2.18. The vector space elements v,,...,v, € V are called linearly dependent
if there exist scalars ¢y, ..., ¢, not all zero, such that
v+ o v =0. (2.12)

Elements that are not linearly dependent are called linearly independent.

The restriction that not all the ¢;’s are zero is essential: if ¢; = --- = ¢;, = 0, then the
linear combination (2.12) is automatically zero. Thus, to check linear independence, one
needs to show that the only linear combination that produces the zero vector (2.12) is this
trivial one. In other words, ¢; = --- = ¢;, = 0 is the one and only solution to the vector
equation (2.12).

Example 2.19. Some examples of linear independence and dependence:

(a) The vectors

1 0 -1
v, = 21, vo= 13|, Vg = 4],
-1 1 3

are linearly dependent, because
v, —2vy+ vy =0.

On the other hand, the first two vectors v,,v, are linearly independent. To see this,
suppose that

¢ 0
Vit v = | 2¢;4+3¢c, | =1(0
—cp t+ ¢y 0
For this to happen, c;, c, must satisfy the homogeneous linear system
¢, =0, 2¢y +3c, =0, —cy + ¢y =0,
which, as you can check, has only the trivial solution ¢; = ¢, = 0.
(b) In general, any collection vy,...,v, that includes the zero vector, say v, = 0, is
automatically linearly dependent, since 104+ 0v, + --- 4+ 0v, = 0 is a nontrivial linear

combination that adds up to O.
(¢) Two vectors v,w € V are linearly dependent if and only if they are parallel, meaning
that one is a scalar multiple of the other. Indeed, if v = aw, then v —aw = 0 is a
nontrivial linear combination summing to zero. Conversely, if cv +dw = 0 and ¢ # 0,
then v = — (d/c¢)w, while if ¢ = 0 but d # 0, then w = 0.
(d) The polynomials

pl(x):x_z, p2($)2$2—5$+4, pg(m)=3x2—4m, p4(CL'):CL'2—]_,

are linearly dependent, since

P () + py(2) — py(z) +2p,(x) =0
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is a nontrivial linear combination that vanishes identically. On the other hand, the first
three polynomials,

pi(x) =2 — 2, py(z) = 2% — 52 44, p3(z) = 327 — 4w,
are linearly independent. Indeed, if the linear combination
101 (2) + o po (@) + ¢3pa(2) = (¢g + 3¢3) 2% + (¢ = 5ey —deg)aw — 2¢; +4¢, =0

is the zero polynomial, then its coefficients must vanish, and hence c,, ¢y, c5 are required
to solve the homogeneous linear system

¢y +3c3 =0, ¢ —95cy —4cy =0, —2¢y +4cy =0.
But this has only the trivial solution ¢; = ¢, = ¢4 = 0, and so linear independence follows.

Remark. In the last example, we are using the basic fact that a polynomial is identically
Z€ero,

p(r) =ay+a,z+ayx* + -+ +a, 2" = forall =z,
if and only if its coefficients all vanish: a; = a; = --- = a,, = 0. This is equivalent to the
“obvious” fact that the basic monomial functions 1,z, 22, ..., 2" are linearly independent.

FExercise 2.3.36 asks for a bona fide proof.

Example 2.20. The trigonometric functions

1, cosz, sin x, cos® z, cosx sinzx, sin? z,

which were used to define the vector space T2 of quadratic trigonometric polynomials,
are, in fact, linearly dependent. This is a consequence of the basic trigonometric identity

cos’z +sin’z =1,

which can be rewritten as a nontrivial linear combination

2

1+0cosx+0sinz+ (—1)cos’z +0cosz sinz + (—1)sin*z =0

that equals the zero function. On the other hand, the alternative spanning set
1, cosz, sin x, cos2x, sin2x
is linearly independent, since the only identically zero linear combination,
€y + ¢y cosT + ¢y sinxT + 5 cos2x + ¢, sin2zx = 0,

turns out to be the trivial one ¢, = -+ = ¢, = 0. However, the latter fact is not as obvious,
and requires a bit of work to prove directly; see Exercise 2.3.37. An easier proof, based on
orthogonality, will appear in Chapter 4.

Let us now focus our attention on the linear independence or dependence of a set
of vectors vy,...,v, € R" in Euclidean space. We begin by forming the n x k matrix
A = (v, ... v, ) whose columns are the given vectors. (The fact that we use column
vectors is essential here.) Our analysis is based on the very useful formula

€
Ca
Ac=cy v+ - +¢. vy, where c= -, (2.13)

Ck
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that expresses any linear combination in terms of matrix multiplication. For example,

13 0 c ¢+ 3¢, 1 3 0
-1 2 1 co | = | —¢g+2¢5+cg | = | 1| +cy 2 | +cy 1
4 -1 -2 Cq deg —cy —2c¢4 4 -1 -2

Formula (2.13) follows directly from the rules of matrix multiplication; see also Exercise
1.2.34(c). It enables us to reformulate the notions of linear independence and span of
vectors in R”™ in terms of linear algebraic systems. The key result is the following:

Theorem 2.21. Let v,...,v, € R” and let A = (v, ... v, ) be the corresponding n x k
matrix whose columns are the given vectors.
(a) The vectors v,,...,v, € R™ are linearly dependent if and only if there is a non-zero
solution ¢ # 0 to the homogeneous linear system Ac = 0.
(b) The vectors are linearly independent if and only if the only solution to the homoge-
neous system Ac = 0 is the trivial one, ¢ = 0.
(¢) A vector b lies in the span of vy,...,v, if and only if the linear system Ac = b is
compatible, i.e., has at least one solution.

Proof: We prove the first statement, leaving the other two as exercises for the reader. The
condition that v,,..., v, be linearly dependent is that there exists a nonzero vector

c:(cl,cz,...,ck)T;éO such that Ac=cvi+ -+ +¢, v, =0.

Therefore, linear dependence requires the existence of a nontrivial solution to the homoge-
neous linear system Ac = 0. Q.E.D.

Example 2.22. Let us determine whether the vectors

1 3 1 4
v, = 21, vo=1|(0], vo=| -4 ], v, = |2 (2.14)
-1 4 6 3

are linearly independent or linearly dependent. We combine them as column vectors into
a single matrix

1 3 1 4
A= 2 0 -4 2
-1 4 6 3

According to Theorem 2.21, we need to figure out whether there are any nontrivial solutions
to the homogeneous equation A ¢ = 0; this can be done by reducing A to row echelon form

1 3 1 4
U=(0 -6 -6 —6|. (2.15)
0 0 0 0

. . T
The general solution to the homogeneous system Ac =0isc = (2¢c3 — ¢y, — €5 — €4, C3,C4 )
where ¢3, ¢, — the free variables — are arbitrary. Any nonzero choice of ¢,, ¢, will produce

a nontrivial linear combination

(2¢c5—cy) vy +(—cg—¢y)vo+c3vy+c,vy =0

that adds up to the zero vector. We conclude that the vectors (2.14) are linearly dependent.
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In fact, in this particular case, we didn’t even need to complete the row reduction if we
only need to check linear (in)dependence. According to Theorem 1.47, any coefficient ma-
trix with more columns than rows automatically has a nontrivial solution to the associated
homogeneous system. This implies the following result:

Lemma 2.23. Any collection of k£ > n vectors in R" is linearly dependent.

Warning. The converse to this lemma is not true. For example, v, = (1,2,3)T and

vy=(—-2,-4,-6 )T are two linearly dependent vectors in R3, since 2v, + v, = 0. For a
collection of n or fewer vectors in R", one needs to analyze the homogeneous linear system.

Lemma 2.23 is a particular case of the following general characterization of linearly
independent vectors.

Proposition 2.24. A set of k vectors in R™ is linearly independent if and only if the
corresponding n X k matrix A has rank k. In particular, this requires k < n.

Or, to state the result another way, the vectors are linearly independent if and only
if the homogeneous linear system Ac = 0 has no free variables. Proposition 2.24 is an
immediate corollary of Theorems 2.21 and 1.47.

Example 2.22 (continued). Let us now see which vectors b € R? lie in the span of

the vectors (2.14). According to Theorem 2.21, this will be the case if and only if the linear
system Ac = b has a solution. Since the resulting row echelon form (2.15) has a row of
all zeros, there will be a compatibility condition on the entries of b, and hence not every
vector lies in the span. To find the precise condition, we augment the coefficient matrix,
and apply the same row operations, leading to the reduced augmented matrix

1 3 1 4]
0 -6 —6 —6 | b,—2b,
0 0 0 0| by+gby—30b

Therefore, b = (b, b,, b, )T lies in the span if and only if — g b, + ng + by = 0. Thus,
these four vectors span only a plane in R?3.

The same method demonstrates that a collection of vectors will span all of R™ if and only
if the row echelon form of the associated matrix contains no all-zero rows, or, equivalently,
the rank is equal to n, the number of rows in the matrix.

Proposition 2.25. A collection of k vectors spans R™ if and only if their n x k& matrix
has rank n. In particular, this requires k > n.

Warning. Not every collection of n or more vectors in R™ will span all of R™. A coun-
terexample was already provided by the vectors (2.14).
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Exercises

2.3.21. Determine whether the given vectors are linearly independent or linearly dependent:
1 0
1 2 1 -2 2 -1 5
@ (3).(2) o (1) (2). @ (2 ().(3) @ ()()
1 3 2 1 2 0
) -1 ) -1 ’ (f) 1 ) —2 i -3 ) -1 ;
0 2 3 1 0 4

4 —6 2 -1 5 1 1 2 1
2 -3 1 3 1 0 0 2 2
(g) 0 ) 0 k) (h) _1 R 1 ) 2 3’ (1) 1 ) 0 ) 1 ) 3 )
—6 9 3 0 -3 0 1 0 4
1 —2 2
2.3.22.(a) Show that the vectors g , 7? , _1 are linearly independent. (b) Which
1 1 —1
1 1 0 0
. . . . 1 . 0 1 . 0
of the following vectors are in their span? (i) L (i) L (4ii) L (iv) 0
1 0 0 0
(¢) Suppose b = (a,b,c, d)T lies in their span. What conditions must a, b, ¢, d satisfy?
1 1 1 1
1 1 -1 —1 . .
2.3.23.(a) Show that the vectors 11 ol o | are linearly independent.
0 0 1 -1

(b) Show that they also span R*. (c) Write (1,0,0,1)” as a linear combination of them.

2.3.24. Determine whether the given row vectors are linearly independent or linearly dependent:
(a) (2,1),(-1,3),(5,2), (b) (1,2,-1),(2,4,-2), (¢) (1,2,3),(1,4,8),(1,5,7),
(d) (1,1,0),(1,0,3),(2,2,1),(1,3,4), (e) (1,2,0,3),(—-3,-1,2,-2),(3,—4,-4,5),
(f) (2,1,-1,3),(-1,3,1,0),(5,1,2,-3).

2.3.25. True or false: The six 3 x 3 permutation matrices (1.30) are linearly independent.
2.3.26. True or false: A set of vectors is linearly dependent if the zero vector belongs to their span.
2.3.27. Does a single vector ever define a linearly dependent set?

2.3.28. Let x and y be linearly independent elements of a vector space V. Show that
u=ax+by, and v = cx + dy are linearly independent if and only if ad — bc # 0. Is the
entire collection x,y,u, v linearly independent?

2.3.29. Prove or give a counterexample to the following statement: If v, ..., v, are elements of
a vector space V' that do not span V, then v{,...,v, are linearly independent.

< 2.3.30. Prove parts (b) and (c) of Theorem 2.21.

& 2.3.31.(a) Prove that if v,...,v,, are linearly independent, then every subset, e.g., v{,..., v
with k£ < m, is also linearly independent. (b) Does the same hold true for linearly
dependent vectors? Prove or give a counterexample.

2.3.32.(a) Determine whether the polynomials f;(z) = 2% -3, folx) =2—z, f3(x)=(z— 1)2,
are linearly independent or linearly dependent.
(b) Do they span the vector space of all quadratic polynomials?
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2.3.33. Determine whether the given functions are linearly independent or linearly dependent:
(a) 2 — 22, 3z, 22 +a2-2, (b) 3z -1, z(2z+ 1), z(z—1); (c) €, oL (d) sinz,
sin(z 4 1); (e) €%, "t e*2; (f) sinz, sin(z+ 1), sin(z+2); (g) ¥, ze”, z%e;
(h) €%, 2T 3T, (i) x+vy, —y+1, v+ 3y+2— these are functions of two variables.

2.3.34. Show that the functions f(z) = x and g(x) = || are linearly independent when
considered as functions on all of R, but are linearly dependent when considered as functions
defined only on Rt = {z > 0}.

© 2.3.35.(a) Prove that the polynomials p;(z) = Zn:O a; 2/ fori = 1,...,k are linearly
independent if and only if the k x (n + 1) rilatrix A whose entries are their coefficients
;i 1 <i<k, 0<j<n,hasrank k. (b) Formulate a similar matrix condition for
testing whether another polynomial g(z) lies in their span. (c) Use (a) to determine
whether p, (z) = 2 — 1, py(z) = 2 — 2z + 4, py(x) = «t — 4, pyx) = 2?41,
py(x) = —2t 4423 + 22 + 1 are linearly independent or linearly dependent. (d) Does the
polynomial ¢(z) = 23 lie in their span? If so find a linear combination that adds up to q(x).

¢ 2.3.36. The Fundamental Theorem of Algebra, [26], states that a non-zero polynomial of
degree n has at most n distinct real roots, that is, real numbers = such that p(z) = 0. Use
this fact to prove linear independence of the monomial functions 1, x, x2, ooz

Remark. An elementary proof of the latter fact can be found in Exercise 5.5.38.

© 2.3.37.(a) Let z1,2,,...,z, be a set of distinct sample points. Prove that the functions
fi(x), ..., f(x) are linearly independent if their sample vectors f;, ..., f, are linearly
independent vectors in R™. (b) Give an example of linearly independent functions that have
linearly dependent sample vectors. (¢) Use this method to prove that the functions 1, cosz,
sinz, cos 2z, sin 2z, are linearly independent. Hint: You need at least 5 sample points.

2.3.38. Suppose £ (t), ..., (t) are vector-valued functions from R to R™. (a) Prove that if
fi(tg), .., £, (ty) are linearly independent vectors in R™ at one point ¢y, then f; (¢), ..., £ (¢)

are linearly independent functions. (b) Show that f, (¢) = (1) and f,(t) = (22 tth_lt) are

linearly independent functions, even though at each ¢, the vectors f, (¢;), f5(t;) are linearly
dependent. Therefore, the converse to the result in part (a) is not valid.

© 2.3.39. The Wronskian of a pair of differentiable functions f(z), g(x) is the scalar function

f(@)  g(x)

WIf(z),g(x)] = det ( , , = f(@)g' (@) = f'(z) g(=). (2.16)
i) g'(x)

(a) Prove that if f, g are linearly dependent, then W| f(z), g(z)] = 0. Hence, if

W[ f(x),g(z)] £ 0, then f, g are linearly independent. (b) Let f(z) = 23, g(z) = |z |>.
Prove that f,g € C? are twice continuously differentiable and linearly independent, but

W[ f(x),g(x)] = 0. Thus, the Wronskian is not a fool-proof test for linear independence.
Remark. It can be proved, [7], that if f, g both satisfy a second order linear ordinary
differential equation, then f, g are linearly dependent if and only if W[ f(z), g(z)] = 0.

2.4 Basis and Dimension

In order to span a vector space or subspace, we must employ a sufficient number of distinct
elements. On the other hand, including too many elements in the spanning set will violate
linear independence, and cause redundancies. The optimal spanning sets are those that are
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also linearly independent. By combining the properties of span and linear independence,
we arrive at the all-important concept of a “basis”.

Definition 2.26. A basis of a vector space V' is a finite collection of elements v,,..., v, €

V that (a) spans V, and (b) is linearly independent.

n

Bases are absolutely fundamental in all areas of linear algebra and linear analysis, includ-
ing matrix algebra, Euclidean geometry, statistical analysis, solutions to linear differential
equations — both ordinary and partial — linear boundary value problems, Fourier analysis,
signal and image processing, data compression, control systems, and many others.

Example 2.27. The standard basis of R™ consists of the n vectors

1 0 0
0 1 0
0 0 0
e,=| .|, e, =| .|, e, =1 .| (2.17)
0 0 0
0 0 1

so that e, is the vector with 1 in the i*h slot and 0’s elsewhere. We already encountered
these vectors — they are the columns of the n x n identity matrix. They clearly span R",
since we can write any vector

1
To
x=| . | =zetze+ - +z,€, (2.18)

:I:'IL

as a linear combination, whose coefficients are its entries. Moreover, the only linear combi-
nation that yields the zero vector x = 0 is the trivial one z; = --- = z,, = 0, which shows
that e, ..., e, are linearly independent.

In the three-dimensional case R3, a common physical notation for the standard basis is

1 0 0
i=e; =101, j=e,=1[1], k=e;=10]. (2.19)
0 0 1

This is but one of many possible bases for R3. Indeed, any three non-coplanar vectors can
be used to form a basis. This is a consequence of the following general characterization of
bases in Euclidean space as the columns of a nonsingular matrix.

Theorem 2.28. Every basis of R™ consists of exactly n vectors. Furthermore, a set of
n vectors vq,...,v, € R™ is a basis if and only if the n x n matrix A = (v, ... v, ) is
nonsingular: rank A = n.

Proof: This is a direct consequence of Theorem 2.21. Linear independence requires that
the only solution to the homogeneous system Ac = 0 be the trivial one ¢ = 0. On the
other hand, a vector b € R™ will lie in the span of v, ..., v, if and only if the linear system
Ac = b has a solution. For v{,...,v,, to span all of R, this must hold for all possible
right-hand sides b. Theorem 1.7 tells us that both results require that A be nonsingular,
i.e., have maximal rank n. Q.E.D.
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Thus, every basis of n-dimensional Euclidean space R™ contains the same number of
vectors, namely n. This is a general fact, that motivates a linear algebraic characterization
of dimension.

Theorem 2.29. Suppose the vector space V has a basis v, ..., v, for some n € N. Then
every other basis of V' has the same number, n, of elements in it. This number is called
the dimension of V, and written dim V = n.

The proof of Theorem 2.29 rests on the following lemma.

Lemma 2.30. Suppose v,...,Vv, span a vector space V. Then every set of k > n ele-
ments wy,...,w, € V is linearly dependent.

Proof: Let us write each element
n

wj:z:aijvi7 j=1,...k,

i=1

as a linear combination of the spanning set. Then

n k
cywWy+ - oW, = E g ;5 C;V;

i=1j=1
1 . . . T
This linear combination will be zero whenever ¢ = (¢, ¢, ..., ¢, )" solves the homogeneous
linear system k
E a;;c; =0, 1=1,...,n,

j=1

consisting of n equations in £ > n unknowns. Theorem 1.47 guarantees that every ho-
mogeneous system with more unknowns than equations always has a non-trivial solution
c # 0, and this immediately implies that w, ..., w,, are linearly dependent. Q.E.D.

Proof of Theorem 2.29: Suppose we have two bases containing a different number of
elements. By definition, the smaller basis spans the vector space. But then Lemma 2.30
tell us that the elements in the larger purported basis must be linearly dependent, which
contradicts our initial assumption that the latter is a basis. Q.E.D.

As a direct consequence, we can now give a precise meaning to the optimality of bases.

Theorem 2.31. Suppose V is an n-dimensional vector space. Then
(a) Every set of more than n elements of V is linearly dependent.
(b) No set of fewer than n elements spans V.
(c) A set of n elements forms a basis if and only if it spans V.
(d) A set of n elements forms a basis if and only if it is linearly independent.

In other words, once we know the dimension of a vector space, to check that a collection
having the correct number of elements forms a basis, we only need establish one of the
two defining properties: span or linear independence. Thus, n elements that span an n-
dimensional vector space are automatically linearly independent and hence form a basis;
conversely, n linearly independent elements of an n-dimensional vector space automatically
span the space and so form a basis.

Example 2.32. The standard basis of the space P(™ of polynomials of degree < n is

given by the n + 1 monomials 1,z,22,...,2". We conclude that the vector space P
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has dimension n + 1. Any other basis of ™) must contain precisely n + 1 polynomials.
But, not every collection of n + 1 polynomials in P is a basis — they must be linearly
independent. We conclude that no set of n or fewer polynomials can span P while any
collection of n + 2 or more polynomials of degree < n is automatically linearly dependent.

By definition, every vector space of dimension 1 < n < oo has a basis. If a vector space
V' has no basis, it is either the trivial vector space V' = {0}, which by convention has
dimension 0, or its dimension is infinite. An infinite-dimensional vector space contains an
infinite collection of linearly independent elements, and hence no (finite) basis. Examples
of infinite-dimensional vector spaces include most spaces of functions, such as the spaces of
continuous, differentiable, or mean zero functions, as well as the space of all polynomials,
and the space of solutions to a linear homogeneous partial differential equation. (On the
other hand, the solution space for a homogeneous linear ordinary differential equation
turns out to be a finite-dimensional vector space.) There is a well-developed concept of a
“complete basis” of certain infinite-dimensional function spaces, [67, 68], but this requires
more delicate analytical considerations that lie beyond our present abilities. Thus, in this
book, the term “basis” always means a finite collection of vectors in a finite-dimensional
vector space.

Proposition 2.33. If v,,...,v,, span the vector space V, then dimV < m.

Thus, every vector space spanned by a finite number of elements is necessarily finite-
dimensional, and so, if non-zero, admits a basis. Indeed, one can find the basis by succes-
sively looking at the members of a collection of spanning vectors, and retaining those that
cannot be expressed as linear combinations of their predecessors in the list. Therefore,
n = dim V is the maximal number of linearly independent vectors in the set v,,...,v
The details of the proof are left to the reader; see Exercise 2.4.22.

m:*

Lemma 2.34. The elements v, ..., v, form a basis of V if and only if every x € V can
be written uniquely as a linear combination of the basis elements:

n
X=c¢v,+ - +cnvn:Z ¢V, (2.20)
i=1
Proof: The fact that a basis spans V implies that every x € V can be written as some
linear combination of the basis elements. Suppose we can write an element
Xx=c¢vy+ - +c,v,=¢ v+ -+ +¢,V, (2.21)

as two different combinations. Subtracting one from the other, we obtain

(Cl 761)‘/1 + o+ (Cn 7/C\n)vn =0.

The left-hand side is a linear combination of the basis elements, and hence vanishes if and
only if all its coefficients ¢; — ¢; = 0, meaning that the two linear combinations (2.21) are
one and the same. Q.E.D.

One sometimes refers to the coefficients (cq,...,¢,) in (2.20) as the coordinates of the
vector x with respect to the given basis. For the standard basis (2.17) of R™, the coordinates

T . L . . .
of a vector x = (xz,,2,,...,2,) are its entries, i.e., its usual Cartesian coordinates,
cf. (2.18).
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Example 2.35. A Wawvelet Basis. The vectors

1 1 1 0
1 1 -1 0

vi=|1] vo=1| _1 | Vg = ik v, = N (2.22)
1 -1 0 -1

form a basis of R*. This is verified by performing Gaussian Elimination on the correspond-
ing 4 x 4 matrix

1 1 1 0

1 1 -1 0

1 -1 0 1

1 -1 0 -1
to check that it is nonsingular. This is a very simple example of a wavelet basis. Wavelets
play an increasingly central role in modern signal and digital image processing; see Sec-
tion 9.7 and [18, 88].

How do we find the coordinates of a vector, say x = (4,—2, 1,5)T, relative to the
wavelet basis? We need to find the coefficients ¢, ¢y, 3, ¢, such that

A:

X=0C V] t+CyVy+C3Vy+CyVy.

We use (2.13) to rewrite this equation in matrix form x = Ac, where ¢ = (¢, ¢y, ¢5,¢4 )F
Solving the resulting linear system by Gaussian Elimination produces

¢ =2, cy = —1, cy =3, cy=—2,

which are the coordinates of

4 1 1 1 0

-2 1 1 -1 0

X = 1 =2v;—Vvy,+3vy—2v, =2 11 2 +3 0 -2 1
5 1 -1 0 -1

in the wavelet basis. See Section 9.7 for the general theory of wavelet bases.

In general, to find the coordinates of a vector x with respect to a new basis of R"
requires the solution of a linear system of equations, namely

Ac=x for c=A"'x (2.23)
The columns of A = (v, v, ... v, ) are the basis vectors, x = (z,,2,,...,2,)" are
the Cartesian coordinates of x, with respect to the standard basis e,,...,e,, while ¢ =
(¢15€9,...50py )T contains its coordinates with respect to the new basis v;,...,v,. In

practice, one finds the coordinates ¢ by Gaussian Elimination, not matrix inversion.

Why would one want to change bases? The answer is simplification and speed — many
computations and formulas become much easier, and hence faster, to perform in a basis
that is adapted to the problem at hand. In signal processing, wavelet bases are particularly
appropriate for denoising, compression, and efficient storage of signals, including audio,
still images, videos, medical and geophysical images, and so on. These processes would be
quite time-consuming — if not impossible in complicated situations like video and three-
dimensional image processing — to accomplish in the standard basis. Additional examples
will appear throughout the text.
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Exercises

2.4.1. Determine which of the following sets of vectors are bases of R?: (a) ( 1), <_2 );

o () () @ () () @ () 6) @ (6) () (1)

2 1 0
2.4.2. Determine which of the following are bases of R3: (a) (1 ) , (5) ;i (b) ( 1 ) ,
5 2 -5

—1 1 0 —1 1 2 —1 0 —1
31,1315 (¢ 4 |, 01, -81; (d 0], 21,1 —-11, 2.
0 0 -1 1 1 —2 —1 0 1
1 3 2 4
2.4.3. Let v = (O)7 vy = (—1), o (—1), v, = (—1). (a) Do vy,vy, Vs, v, span
2 1 —1 3

R3? Why or why not? (b) Are v,vy,Vv3,v, linearly independent? Why or why not?

(¢) Do vy,vy, V3, v, form a basis for R3? Why or why not? If not, is it possible to choose
some subset that is a basis? (d) What is the dimension of the span of v, vy, v3,v,?
Justify your answer.

1 2 0 1
2.4.4. Answer Exercise 2.4.3 when vy = (—1), Vo = (—2) , Vg = (—2)7 v, = ( 3).
2 5 1 -1

2.4.5. Find a basis for (a) the plane given by the equation z — 2y = 0 in R?; (b) the plane
given by the equation 4z + 3y — z = 0 in R?; (¢) the hyperplane z +2y + z —w =0 in R,

4 2 2 0
2.4.6.(a) Show that (0) , (1 ) , and (1) , ( 2) are two different bases for the plane
1 0 1 -1

x — 2y —4z = 0. (b) Show how to write both elements of the second basis as linear
combinations of the first. (¢) Can you find a third basis?

© 2.4.7. A basis vq,...,v,, of R" is called right-handed if the n X n matrix A = (v, v4 ... Vv,)
whose columns are the basis vectors has positive determinant: det A > 0. If det A < 0,
the basis is called left-handed. (a) Which of the following form right-handed bases of R3?

GO OH =000

3 1 2
(iv) (2) , (2) , (1) . (b) Show that if v;, vy, v; is a left-handed basis of R3, then vy,
1 3 3

vy, Vg and — vy, vy, vy are both right-handed bases. (c) What sort of basis has det A = 07

2.4.8. Find a basis for and the dimension of the following subspaces: (a) The space of solutions

1 2 -1 1
3 0 2 -1

polynomials p(z) = az? 4 bz + ¢ that satisfy p(1) = 0. (¢) The space of all solutions to the
"~ +4d —4u=0.

to the linear system Ax = 0, where A = ( ) (b) The set of all quadratic

. . . . 11
homogeneous ordinary differential equation u

2.4.9.(a) Prove that 1+ 7527 t+ t2, 1+ 2t +t2 is a basis for the space of quadratic polynomials
P, (b) Find the coordinates of p(t) = 1+ 4t + 7t? in this basis.
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2.4.10. Find a basis for and the dimension of the span of

3 —6 2 0 2 1 0 2 !
HERCIEIEREIGIE
—1 2 1 3 -2 9 3 1 1

2.4.11.(a) Show that 1,1 —t, (1 —t)2, (1 —t)? is a basis for PG,
(b) Write p(t) = 1+ t> in terms of the basis elements.

2.4.12. Let P™) denote the vector space consisting of all polynomials p(z) of degree < 4.
(a) Are 2® — 3z + 1, a* — 62 +3, 2 — 22% + 1 linearly independent elements of P(*)?
(b) What is the dimension of the subspace of P@ they span?

2.4.13. Let S = {O, 4117 %, i } (a) Show that the sample vectors corresponding to the functions
1, cos mx, cos2mx, and cos 37z form a basis for the vector space of all sample functions on

S. (b) Write the sampled version of the function f(z) = x in terms of this basis.

2.4.14. (a) Prove that the vector space of all 2 x 2 matrices is a four-dimensional vector space
by exhibiting a basis. (b) Generalize your result and prove that the vector space M,
consisting of all m x n matrices has dimension mmn.

n

2.4.15. Determine all values of the scalar k for which the following four matrices form a basis

1 -1 k -3 1 0 0 k
ety 1= (1 8) = (52 am (L 9)oa= (0 %),

2.4.16. Prove that the space of diagonal n X n matrices is an n-dimensional vector space.

2.4.17.(a) Find a basis for and the dimension of the space of upper triangular 2 x 2 matrices.
(b) Can you generalize your result to upper triangular n X n matrices?

2.4.18.(a) What is the dimension of the vector space of 2 x 2 symmetric matrices? Of skew-
symmetric matrices? (b) Generalize to the 3 x 3 case. (¢) What about n x n matrices?

© 2.4.19. A matrix is said to be a semi-magic square if its row sums and column sums (i.e., the
sum of entries in an individual row or column) all add up to the same number. An example

8 1 6
is (3 5 7 ) , whose row and column sums are all equal to 15. (a) Explain why the set
4 9 2

of all semi-magic squares is a subspace of the vector space of 3 x 3 matrices. (b) Prove
that the 3 x 3 permutation matrices (1.30) span the space of semi-magic squares. What is
its dimension? (c¢) A magic square also has the diagonal and anti-diagonal (running from
top right to bottom left) add up to the common row and column sum; the preceding 3 x 3
example is magic. Does the set of 3 x 3 magic squares form a vector space? If so, what is
its dimension? (d) Write down a formula for all 3 x 3 magic squares.

& 2.4.20.(a) Prove that if vq,...,v, forms a basis for V.C R", then m < n. (b) Under the
hypothesis of part (a), prove that there exist vectors v, 1,...,v, € R™\ V such that the
complete collection vy, ..., v, forms a basis for R". (c) Illustrate by constructing bases of
R? that include (i) the basis (1, 1, % )T of the line x = y = 2z; (47) the basis (1,0, —1 )T,
(0,1,72)T of the plane z + 2y + z = 0.

& 2.4.21. Suppose that vq,...,v, form a basis for R". Let A be a nonsingular matrix. Prove

that Avy,...,Av, also form a basis for R". What is this basis if you start with the
standard basis: v, = e;?

¢ 2.4.22. Show that if vy,...,v, span V # {0}, then one can choose a subset v, ,...,v; that
forms a basis of V. Thus, dimV =m < n. Under what conditions is dim V' = n?
<& 2.4.23. Prove that if v,,..., v, are a basis of V, then every subset thereof, e.g., Vireoa Vi IS

linearly independent.
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{ 2.4.24. Show, by example, how the uniqueness result in Lemma 2.34 fails if one has a linearly
dependent set of vectors.

{ 2.4.25. Let W C V be a subspace. (a) Prove that dimW < dim V.
(b) Prove that if dimW = dimV = n < oo, then W = V. Equivalently, if W C V is a
proper subspace of a finite-dimensional vector space, then dim W < dim V.
(¢) Give an example in which the result is false if dim V' = oc.

$ 2.4.26. Let W, Z C V be complementary subspaces in a finite-dimensional vector space V', as in
Exercise 2.2.24. (a) Prove that if wy,... W form a basis for W and z,...,z; a basis for
Z, then wy,...,w,,2;,...,2; form a basis for V. (b) Prove that dimW +dim Z = dim V.

{$ 2.4.27. Let V be a finite-dimensional vector space and W C V a subspace. Prove that the
quotient space, as defined in Exercise 2.2.29, has dimension dim(V/W) = dimV — dim W.

& 2.4.28. Let fi(x),..., f, (x) be scalar functions. Suppose that every set of sample points

zy,...,z,, € R,forall finite m > 1, leads to linearly dependent sample vectors

f,,...,f, € R™. Prove that f(z),..., [, (z) are linearly dependent functions.

Hint: Given sample points z{,...,z,,, let Vm1 oz C R™ be the subspace consisting of all
vectors ¢ = (¢y,¢y,...,¢, )" such that ¢, f; + -+ ¢, f, = 0. First, show that one can
select sample points x;, s, T3, ... such that R" D Vi, 2 Vxl,:cg 2 --- . Then, apply Exercise

2.4.25 to conclude that le’_wn = {0}.

2.5 The Fundamental Matrix Subspaces

Let us now return to the general study of linear systems of equations, which we write in
our usual matrix form
Ax=b. (2.24)

As before, A is an m x n matrix, where m is the number of equations, so b € R™, and
n is the number of unknowns, i.e., the entries of x € R™. We already know how to solve
the system, at least when the coefficient matrix is not too large: just apply a variant of
Gaussian Elimination. Our goal now is to better understand the solution(s) and thereby
prepare ourselves for more sophisticated problems and solution techniques.

Kernel and Image

There are four important vector subspaces associated with any matrix. The first two are
defined as follows.

Definition 2.36. The image of an m x n matrix A is the subspace img A C R™ spanned
by its columns. The kernel of A is the subspace ker A C R™ consisting of all vectors that
are annihilated by A, so

kerA={zeR"| Az=0}CR"™ (2.25)

The image is also known as the column space or the range' of the matrix. By definition,

T The latter term can be confusing, since some authors call all of R™ the range of the (function
defined by the) matrix, hence our preference to use image here, and, later, codomain to refer to
the space R™. On the other hand, the space R™ will be called the domain of the (function defined
by the) matrix.
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a vector b € R™ belongs to img A if can be written as a linear combination,

b=z,v,+ - +2,Vv

of the columns of A = (v, v, ... v, ). By our basic matrix multiplication formula (2.13),
the right-hand side of this equation equals the product A x of the matrix A with the column
vector X = (&, %qg,..., 2, )T7 and hence b = Ax for some x € R™. Thus,

imgA={Ax| xeR"} CR™, (2.26)

and so a vector b lies in the image of A if and only if the linear system Ax = b has a
solution. The compatibility conditions for linear systems can thereby be re-interpreted as
the requirements for a vector to lie in the image of the coefficient matrix.

A common alternative name for the kernel is the null space. The kernel or null space of
A is the set of solutions z to the homogeneous system Az = 0. The proof that ker A is a
subspace requires us to verify the usual closure conditions: suppose that z, w € ker A, so
that Az = 0 = Aw. Then, by the compatibility of scalar and matrix multiplication, for
any scalars ¢, d,

A(cz+dw) =cAz+ dAw =0,

which implies that ¢z + dw € ker A. Closure of ker A can be re-expressed as the fol-
lowing important superposition principle for solutions to a homogeneous system of linear
equations.

Theorem 2.37. If z,,...,z, are individual solutions to the same homogeneous linear
system Az = 0, then so is every linear combination ¢;z; + - - + ¢, 2.

Warning. The set of solutions to an inhomogeneous linear system Ax = b with b # 0 is
not a subspace. Linear combinations of solutions are not, in general, solutions to the same
inhomogeneous system.

Superposition is the reason why linear systems are so much easier to solve, since one
needs to find only relatively few solutions in order to construct the general solution as a
linear combination. In Chapter 7 we shall see that superposition applies to completely
general linear systems, including linear differential equations, both ordinary and partial;
linear boundary value problems; linear integral equations; linear control systems; etc.

Example 2.38. Let us compute the kernel of the matrix

1 -2 0 3
A=12 -3 -1 -4
3 -5 -1 -1

Our task is to solve the homogeneous system Ax = 0, so we need only perform the
elementary row operations on A itself. The resulting row echelon form
1 -2 0 3
U=10 1 -1 -10
0 0 0 0
corresponds to the equations x — 2y + 3w = 0, y — z — 10w = 0. The free variables are
z,w, and the general solution is

T 224+ 17w 2 17
N . z+ 10w _ . 1 tw 10
z z 1 0
w w 0 1
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The result describes the most general vector in ker A, which is thus the two-dimensional
subspace of R* spanned by the linearly independent vectors (2,1, 1,0)T7 (17,10,0,1 )T.
This example is indicative of a general method for finding a basis for ker A, to be developed
in more detail below.

Once we know the kernel of the coefficient matrix A, i.e., the space of solutions to the
homogeneous system Az = 0, we are able to completely characterize the solutions to the
inhomogeneous linear system (2.24).

Theorem 2.39. The linear system Ax = b has a solution x* if and only if b lies in the
image of A. If this occurs, then x is a solution to the linear system if and only if

x =x* + 1z, (2.27)
where z € ker A is an element of the kernel of the coefficient matrix.

Proof: We already demonstrated the first part of the theorem. If Ax = b = Ax* are any
two solutions, then their difference z = x — x* satisfies

Az=Ax—x")=Ax— Ax*=b—-b =0,

and hence z is in the kernel of A. Therefore, x and x* are related by formula (2.27), which
proves the second part of the theorem. Q.E.D.

Therefore, to construct the