


Any model takes into account the
essentials of a phenomenon. It may
be expressing the phenomenon in
symbols or logical, involving
mathematical relationships or
statement.

It may be changing with time and

provides an approximation to the real
world situation.



Newton’s laws of motion, laws of
thermodynamics etc are examples of
mathematical model which are useful In

engineering business or Industry but is does
not work in real life.

In the real life, improvements can be
achieved by introducing random variables or
chance factors in the model. One can not
predict the date of death of an individual, but
one can predict the chance of death before the
next birthday.



Life iInsurance companies calculate the
chance of death and use it to calculate
the premium amount for different
categories of persons in different age
groups, in such situations introducing
chance factors or random variables In
the model, will improve it, making it
closer to reality, the model containing
chance factor is called Stochastic model

Stochastic Process
J

Marcov ¢Process

Birth Death Process



MARCOV PROCESS .

If {X(t),&t T} which is a Stochastic
process such that the given value X,
the value of X(t) t>s does not depend
on the value of X(u) u>s then such
process Is said to be Marcov
pProcess.



BIRTH DEATH PROCESS:

An Important class of Marcov process Is
called birth death process.

lts state space Is countable , taken to be
without loss of generality.

For example , let X(t) denote the population
Size at time t, it can be increased by birth
and decreased by death.

The birth and death rates are may depend
on time t, we have time homogeneous
transition probability.



Birth Process:

Introduction:

If one allows the chance of an event,
occurring at a given instant of time to
depend upon the number of events that
have already occurred in the study of a
population growth. Birth may be interrupted
as an event whose prob. Is depending upon
the no. of parents. Here the event may refer
to the birth of an individual.




Assumption of the birth process:

In the classified Poisson process, we
assume that the conditional prob. is
constant. Here the prob. that k events occur
between t and t+h, given that n events
occurred by epoch t is given by

P, (h) = P{N(h) =k /N(t) = n}

— Jh+0(h):k =1
— O(h);k >=2
—1-2h+0(h):k =0



. 1S INdependent of n as well ast .We can
generalize the process by considering that x
IS not a constant but is a function of n or t or
both, the resulting process will still be
Marcovian in character.

Here we consider that » 1s a function of n,
the population size at the instant we
assume that

P, (h) = P{N(h) =k / N (t) = n}
= 2,h+0(h);k =1

- O(h);k >= 2
=1- A h+0(h):k =0



We shall have the following equation
corresponding to Poisson process.

P({t+h)=P 1-4h)+P _ (t)4,_,h+0O(h)

P({t+h)-P =-4hP +P . (t)4,_,h+0O(h)

P(t+h)-P, AR (1)  P,()2,.h  O(h)
h B h h

AhP (1) . P (t)A_h . o(h)
: P.(t+h)-P, ooV L limh > 020 L fimh > 0——2
lim h — 0 : S i T . h

Pnl (t) - ln I:)n (t) + Pn—l (t)ﬂ“n—l 1



For n=0

P,(t+h)—P, = -1 hP, +O(h)/h

P,(t+h) P, 2ohPy (¢
oL+ =Fo _ iy 5 g Mo ) +I|mh—>OO£]h)

h

limh—0

The system of equation 1 and 2 Is called
system of birth process.

This system of equation Is to be solved with
initial condition for obtaining distribution
function of birth process.



Here dist. Function will be obtained under
Yule-Fury Process hence the pure birth
process is called Yule-Fury process.

Yule-Fury Process:

Consider a population whose members are
either physical or biological entities.
Suppose that members can give birth to
new members but can not die. We assume
that in an interval of length h using each
member has zn+om Or giving birth to a new
member.



If N(t) denote the total no. of members by
epoch t and

P, =PIN® =} then by putting 4.=n2 IN equation
1 and 2 be obtained a system of birth
process which is called Yule-Fury birth
process.

Probability mass function of Yule-Fury birth
process:



From 1

P'(t)=-nAi P (t)+P _,(t)A (n-1)
F)01 (t) n _(O) A I:)o (t)

Suppose that the initial condition Is given by
t=0, n=1, rO-1
Then P.(t) =0;i>2

From 3 n=1;
PE(t) = -2 PO+(
oP, (t) _ _”at

P, (1)



log P, (t) = -1t +C
P (t) —K—AHC

By putting t=0 then r©-c¢

P,(t) =22 P,(t) + A P(t)

% P, (t) + 24P, (t) = 4 "



Multiply both sides by ¢

€2M aat P2 (t) +/€2M 2?\’P2 (t) — }\’,g_“ gZM

0 21t _ At

E[K P.(t)]= A’

[OP (t)™ = A ¢ dt

P,(t) ™ =A¢* /A +C,

Under boundary condition r.-=o.
We have P, (0) 24(0) :gz(o)JrCl

0=1+<

C1:_1



Hence r, ) =~
P,(t) = ¢* — g2

— A
=

BO=" 12"

Similarly we can get
P, (t) =/ s
Which is the p.m.f. of Yule — Fury birth

process, which is the form of geometric
distribution.



P, (t) =AMy
A T

Pl (t) _ A [1_€—At ]1—1

P ()=t -

Similarly we can get

P, (t)=¢" o=

Which is the p.m.f. of Yule — Fury birth
process, which is the form of geometric
distribution.



Show that total prob. of pure birth process is
1.

P(S,t)=¢* S |2

1-@-¢™)
Let A=r" and B=-/~
P(S,)=2_=asa-89)"

1- BS
— AS[l+BS +B°S% +....... |

:A[S+BSZ+BZS3’+ ......... ]

P(S,0)=A B i, 1



We know that
P(S,t)= Yr.ws’
P (t) = AB ™"

P(t)=¢" [1_ g—ﬁ:x_l
BRI N g ]




Mean of Pure birth process:
Pure birth process follows geometric
distribution and mean of geometric dist. Is
given by so E(x,t)=
E(X,t)= 2 xP (x

=) I W

— 7 L+ 20— ) 430 7). ]
—r* - -2y

:€—/1t E 2t

=" =Mean



Variance of pure birth process is given by A4 -1)

PURE DEATH PROCESS:

Introduction:

The pure death process or simple death process IS
exactly analogous to pure birth process except that in
a pure death process X(t) Is decreased rather than
Increasing by the occurrence of an event.



ASSUMPTIONS:

1. At the time zero the system is in statg  I.e.
x =% >=1(sIze of the population)

2. If at time t the system 1s in estate x(x=1,2,3....)
then the prob. of transition from*~> x -1in the
Interval (t,t+h) Is #h+o(h)

3. The prob. of transition from the state x> x.(i>1
isO(h)

4. The prob. of no change is -4 +°M



R, (t+h) =R, (O)1-4n+0h) }+-F., (O4,.n+Oh) }+-Olh)

imh—0 Pn (t y hl’)] n Pn (t) = (;jt Pn (t) = ﬂ“n I:)n (t) + I:)n+1 (t)}'nﬂ

further let us consider that the death is linear.
l.e. 4=ni,,>=0, n>=1

with this assumption , we get the different

equations for the simple death process as

SR =APOAODPLO

1S to be solved with the initial conditions



BRI = 1. ..x = X,
X=0,;0W

Using the method of generating function Is
obtained the expression for »., put

F(S,t) = Zs P (1)
Multiplying the equ. 1 both side by s* we get

d P (t) S" ——AXP (1)S* + A(n+1)P., (1)S*

dt



Taking summation over x of both side of 2, we
have

Y gtp()sx——ﬁz XP (t)S* + 1) (X+1)P,,,(t)S"

y d p (1) S'=-4SY XP,(0)S + A (x+1)P,,(1)S*

We also know that P.G.F. can be defined as

Using 3 and 4 we have



0 0 0
—F(S,t) =-AS—F(S,t) + A—F(S,t
SF(S.)=-A5 S F(S.0)+ 4= F (S

:%F(S,t) A(L-95)

a — a
— O A(S -
~F(s.1 ~FG (S -1)

gF@D+—$@t A(S — 1—0
ot 0S

Its subsidiary solution will be
ot  os  OF(S.t)

1_/1(8_1)_ )  trtttrtrererecesesccaceisitatatiteoans




Using 1 and 3
ot _ oF(S,1)
1 0

[ oFGsHe 0
F(S,t) =Constant
Using 1 and 2
ot  0s

1 A(S-1)

= =
A(S -1)
At =1log(S-1)+logC




At=1log(S-1)C
(S-1)C ="
s-nyc = where »=« =death constant
(s-1¢+#=1/C=c!
F(s,t) =Constant
The general solution Is now
FE ) = (S-1) .
Let f(2)=0+2)™



For Z=S-1
F(z)=@a+s-n*
= G %o
hence we see a function fiz,) such that above result

holds, we observe that
fz)=+2)" sgtisfies the condition

e =f{(S-1) " }
= {1+(S-1) " ¥
={1+S-1/" ¥

— (e 451"
Iz




6= () (- +S-1)
:(g—ﬂt )xO |:(€/1t 1) X, {1+ gﬂtS_l}xo }

:(f‘/ﬂ)xo (K”t'l)x°{1+86(‘t _1) }x O

=(e Yo (en-pliera- o ts)



=(e ) (et-n* [rexC, [fera- st xc, et a- ey 2ls?] +...

]

= () (0 1) () []_-l-xc e @- ey tls|+. . 4xC,

[l a—ey s

The coefficient ofS" In the expansion of p.g.f. will
give the p.m.f. of x .
POY=(" "7 ) (L) () (147
— "°Cx (Wt )¢ (1_z—ﬂt)xo—x
If p="" ,g=1-p
So this P(x) Is the p.m.f. of a binomial dist.



Mean of Death process=nps=

Variance of death process=npqs ¢ (1-r+)
Here dist. Is binomial then total prob. Is also
one.



BIRTH AND DEATH PROCESS:
ASSUMPTION:

1.

If at a time t , the system 1n state x(x=1,2...)

then prob. of transition from X x+1 In (t,t+h)
ISA.h+0O(h)

. If at a time t , the system 1n state x(x=1,2...)

then prob. of transition from X- x-1 In (t,t+h)
jg4xh +0(h)

. The prob. of transition to a state other then a

neighboring state IS -1 or x+1) O(h).

. The prob. of no change is 1-(> ** )h+0O(h)
. The state x=0 Is in absorbing state.



These assumptions lead to the equation,

P,(t+h) =P (4,0 +0(h)) + P (O~ (1, + 4,00 +O(M)] + Py (DL a5,5h + O(h)] + O(h)

I|m h . O PX (t + h) B Px (t) — h[Px—l/Ix—l _ F)x (t)(:ux + ﬂ’x) + I:)x+1 (t):ux+1]] +

h
lim h — 0@
2 p = s PO+ ) PeaOad L, 1
Now for x=0.

Po(t+h) =Py (DI1~ (4o + Ag) + P ()[4, + O(h)]



P,(t+h)—P,(t) —

limh - 0 =limh- 0 h[Pl(t),Ul — Py (1) (1o + /10)] +im h - 0@

o . —
BRI . 2

as & =u=0,and « =«

Let us consider the case of linear birth death process.
If at time zero, the system Is In state Xx=x (0<Xx < )

the initial conditions are P =5,
Xo=1 1If Xx=x
=0 , otherwise



This represents a birth death process, the coefficients
of 2,andx«, are arbitrary functions of birth death
equations

.e.

U, = i X andzx —1 X

Define the p.g.f. by

F(S,H)=25"® ..., A

So the linear birth death process,

From 1 and 2 we get

Lp = ot CRT RO A RO OeBl 3

O b (1) = 4Pt
ot PO(t) H () ............................................. 4



Multiplying both sides of 3 bys * and taking
summation over entire range of X, we get
i—s P ()= Zs A(X=DP_, (t) - Zs X(A + p)P, (t)+ZS H(X+DP () .. .utd

0

From A we can have
< F(S,t)=

DL R () WP o

5 can be rewritten as
Z—s P({t)=S zZs“(x DP,_, (t) - S(/1+,u)ZSX1X(/1+,u)P (t)+ZS u(x+1)P

0



Using A and B we get
£ 528 F(S)-S(2+ms F(S)+s  F(SY)

== F(S.)[ 574 -S(+m 4 ]
=(4s-# )(S-l)% F(S,1)

Now complementar}/ solution is
dt dF (s, t

1 —(AS - u)(S -1 0

Using first and third term
Ojdt = de(s,t)

l.e F(S,t)=constant.




Using first and second term
dt ds B -1 { A1
1 —(AS—-u)(S-1) (u-A)|AS-u S-1

(ﬂ—y)jdt = log(AS — x) —log(S —1) + log C
(2-mt=log 2=~ +|og C

S-1
At _ AS — i
S-1 C
u—-AS 1 1
1-S (@t T

U—=AS p-G-wt _ o1t
1-S




So the general solution is
F(S.O=f{4=2 ]

=f(z) say
Where f(0) Is any arbitrary function
Let us assume that x= =1, then

F(S,0)= >s',)
=5 P,(0)

=5(1)
=S



s0, S=F(S,0)=F{~.~ kS

74

k Z

u . (u }\'S\Z—(k—u)t

1-5s )
F(s,t)=—

’ (=28

w [P AS

 1-5 )

}attO

Let F(Z,) =

g—(?»—u)t




—(1=9)({""p) — (n—2s)

A(L=s)(£") = (n—2s)
() = 1]+ s(A —pl™™)
M%) = ]+ SA[1 = %]

(A—p)t ?\' — u(é(k—u)t)
") =1111
M- Ao

. As(1— 00
G u][1+{ b }]

A—p(l")
g T i
1-B(0):

F(s,t) =




where a(t)- *;f((j(()))) 5 i]]
()~ 1

A(C) =]

i i A — (%) )
so F(s,t)= a(t)[“iu{( Z(H)t)_l}f

=a(t) (1+AS] [18(t) ST oo
A—p(0t) ]

where A= ‘
() =1}

p(t) =




F(s,t) =a(t) [1+AS] [1+B(t) s+{B(t) S } +.....]

=a(t) { [A(s+B(t)'s HB(f) "s +.....]

+H1+B(t) sH{B(t) S} +....] ......... 7

Now collecting the coefficients of s in the expansion
of 7 ,we get
0, (t) = a(t) for x=0
0, () = a(t){A +B(1)}
0 (t) = [AB(t) +B(t)? +.....]a(t)




